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INTEGRAL CALCULUS. 



CHAPTER I. 

ELEMENTARY FORMS OF INTEGRATION. 

I. Xniegration. — The Integral Calculus is the inverse of 
the Differential. In the more simple case to which this 
treatise is limited, the object of the Integral Calculus is to 
find a function of a single variable when its differential is 
known. 

Let the differential be represented by F{x) dx^ then the 
function whose differential is F{x)dx is called its integral^ 
and is represented by the notation 

j F{x) dx. 

Thus, since in the notation of the Differential Calculus we 
have 

df{x)^f{x)cUo, 

the integral o£f{x) dx is denoted by /(a?) ; or 

\f'{x)dx=f{w). 

Moreover, as f{x) and f{x) + C (where Ois any arbitrary 
quantity tihat does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f{x) dx it is necessary to add an arbitrary constant tof(x) ; 
hence, we obtain, as the general expression for the integral 
in question 

\fix)dx~f(x) + C. (i) 

B 



2 Elementary Forms of Integration, 

In the subsequent integrals the constant C will be omit- 
ted, as it can always be supplied when necessary. In the 
applications of the Integral Calculus the value of the constant 
is determined in each case by the data of the problem, as 
will be more fully explained in a subsequent place. 

The process of finding the primitive function or the inte- 
gral of any given differential is called integration. 

The expression F{x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function, when x is changed into 
X + dx (Dif. Cal., Art. 7); accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall consider the subject of Integration from this 
point of view in a subsequent chapter, but for the present 
shall regard Integration as being the inverse of Differentia- 
tion. 

2. xaementary Xiitegrals. — ^The smallest acquaintance with 
the Differential Calculus will at once suggest the integrals of 
many differentials. We commence with the simplest cases, 
an arbitrary constant being in all cases understood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Dif. Cal., we may write down at 
once the following integrals : — 



x^da ^ . (a) 



I 

|^ = log(;r). (b) 

f . , COS ma C , sinmx , ^ 

sm mxaa = , cos mada = . (c) 

J m J m ^ ^ 

• 

[ dx [ dx , ^ 

— — = tan Xy -:-— - =• - cot X. (a) 

J cos'a; J sm*« "^ ^ 



* It was in this aspect tliat the process of integratioii was treated by Leib- 
nitz, the symbol of integration J being regarded as the initial letter of the word 
turn, in the same way as the symbol of di^Bsrentiation <^ is the initial letter in 
the word difermei. 



1 



Fundamental Forms, 
dx . . X 



sin"* -, {e) 



V a* - a-' a 



dx 1 ^ X ^ 

- = - tan-' -. (/) 



a' + X* a a 



These, together ^^th two or three additional fotms which 
shall be afterwards supplied, ar^ called the fundamental^ or 
elementary integrals, to which all other forms, f that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms ; a few simple examples are given for exercise. 



Examples. 

I tanafdidp. — Iog(ooad;). 



7—. -T log (a + hx^\ 



- v^i - »». 



fxdx 
/ 



CO820 ' 



860 9. 



* The fundamental integrals are denoted in this chapter by the letters a^ b, c^ 
&c. ; the other formulas by numerals i, 2, 3, &o. 

t By integrable forms are here understood those contained in the elementary 
portion of the Integral Calculus, as inyolving the ordinary transcendental func- 
tions only, and excluding what are styled EUiptic and Hyper-Elliptic fanctions . 

B 2 



Elementary Farms of InUgration, 



xi 



J dm 






9. f^. log («-»). 

r. Xtttogral of a Sam. — ^It fbllowi immediately from Art. 
1 2. Dif • C^., that the intejnral of the sum of any number of 
dinerentials is the sum of the integrals of each taken sepa- 
rately* For example — 

/( ilor* + J;i^ + Cof + &cO dip " -4 Jj?"*rf« + 5 Ja:"d«+ O^ 

Aaf^^ Baf^^ CaT^ ^ 

m + + + &C. (2) 

m+ in + ir+i ^ ^ 

Henoe we can write down immediately the integral of any 
function which is reducible to a finite number of* terms con- 
sisting of powers of « multiplied by constant coefficients. 
Again, to find the integrals of cos'o^ and Bin^xdxi here 

f. . f I + cos 2« , 0? sin 20; . . 

008«»(to « J (fa « - + — ^, (3) 

f . . . f I - cos 2« , X sin 20? 

J sin*j? ax • cw « . (4) 

'' J 2 ^4 ^ 

A few examples are added for practice. 






Integration by Substitution. 5 

- , ^ sin (m + ») « sin (m - n) « 

4. J cos mj: cos nxdx. Ana. — ) ^ + — ^ f— . 

2 (ttt + ») a (m > ») 

r . . , sm(m-f»y« 8in(m + fi> 

5. f sin ifu^ sin nxdx, — 7 7— ^^ ^ 

a (m — «) a (m + n) 

Multiply the numerator aoi denominator by ^/STf^ 

7. / x^x -{■ adx, -(« + «) — a(X'\-a) . 

5 3 

8. f > — — 7=. ^((* + «)-'h 

Multiply the numerator and denominator by the complementary surd 

\/ « + a - \/i. 

4. Zntagvfttlim 1^ Snbstitution. — The integration of many 
expressions is immediately reducible to the elementary forms 
in Art. 2, by the substitution of a new variable. 

For example^ to integrate (a + ia?)"da?, we substitute z for 
a -\- bx; then dz - bdx^ and 



I (a + bxydx = 



6 (n+ 1)6 (w + 1)6 * 
Again, to find 

3^dx 



1 



(a + bxY' 



we substitute 2: for a + bxj as before, when the integral be- 
comes 



I f {« - ay dz 



2' 

2a 



or 



6* ((n - 3)«*'* (n - 2)z 






6 Elementary Forms of Integration. 

On replacing zhj a + bx^ the required integral can be ex- 
pressed in terms of x. 

The more general integral 



1 



(xS'^dLx 
(a + hxY 



where m is any positiye integer, by a like substitution k>* 
comes 



J ^ ' 



expanding by the binomial theorem and integrating each te 
separately, the required integral can be immediately 
tamed. 

Again, to find 



1 



dx 



x^ (a + Jx)*' 



we substitute 2 for - + i, and it becomes 

X 

I f (g - hy^^dz 

which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 

It may be observed that all fractional expressions in whict^ 
the numerator is the differential of the denominator can b^ 
immediately integrated. 

For we obviously have, from (J), 



J^-..g/(.>. (5) 



d» 



Integration of-- — — . 



I. 



1. 



6. 

7- 
8. 



. 9- 



Examples. 



Bvtixdx 
a-\-b cos X 



An», . 



logCa + ^0O8r> 



log * — . 

X 



dx 



x\o%x 
sfidx 



{a + bxy' 



- Bin-* I - . 
4 \«/ 



- (\ogx)\ 

3 



log (log*). 



log (a + bx) 3a* + 4abx 



^ 



2b* (a + bx^ 



dx 



x^(a-^bxy 

xdx 
(a + bx)k' 

xdx 

(a + bz)k' 

dx 



ad , a -^ Ix 



a + 23« 



X a'a? Ca + *«)* 

2 (a + dx)} 2/1(0 + &F)ft 

3 (a -+- iai)f 3a (a + **)• 



5*» • 



2^ 



XYlax - a* •• "^ a 

Assume 2cu; - a* » s', then adx = »fe, and the transformed integnl U 

I* 2<ffl 

5. Zntegration of — I 



a^-a^ 



Since 
"We get 



1 



X* - or 2a [x- a X + a] 



f 



ei!a; 



X* - a 2a 



I , a; - a 



a + a 



(A) 



This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 



8 Elementary Forme of Integration. 

In like manner we have 

f dx ^ I , x-a 

]{x-a){x-b)~ a-b ^^ x - 6* ^ ^ 

6. Integration of 

dx 



a + 2bx + cx^' 
This may be written in the form 

cdx 
{cx + by+ac'b'' 

or, substituting s for ex + 6, 

dz 



z^ -\- 00 - 6'* 



This is of the form (/) or (A) according as ac - 6* is 
positive or negative. 

Hence, if ao > b* we have 



f 



tan"' / . (7) 



1 



a + 26a; + cx^ ^ac - b* Vac - 6*^* 

If oc < 6*, 

x^^2bx^co^^ 2s/h^-ac cx^b^^/¥^ ^^ 
This latter form can also be immediately obtained from (6) 

7. Integration of 

(p + qx) dx 



a + 26^ + cx^' 
This can at once be written in the form 

q {b ^- cx)dx pc - qb dx 

c' a + %bx -h ex* c * a + tba + cx^' 



Is A' . (a; cosO - i) dx 

The integral of the first term is evidently 

~ loff (a + 2bx + cx^)y 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(xcosO - i)dx 
x^ - 2X cos 6 + I * 

The expression becomes in this case 

cos (x - cos 0) dx sin^Odb? 



a? - 2x cos tf + I (oj - cos Of + sin^tt' 
hence 

f (a? cos 0- I) (to cosfl, ^^n/.«fl^,^ 

:;5 — o^n^afl-^w " "T" log(^-^^<M>s0+ I) 
J x^ — 2x cos a + I 2 

. yi , , a? - cos 9 , . 

- sm tan"^ — ; — tj— . (o) 

When the roots of a + 2i + coj' are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
DC given in the next chapter. 



Examples. 



-. Am, —rz tan-* f — -=- \ 

i + aj + x* y/ ^ VVS' 

I f ^ -1-1 / a«-i-f l/5 \ 



lo 



Elementary Fonns of Integration. 



6. 



7. 



8. 



dx 



«« + 4a: + 5 



dx 



5a;» + 4x + 8 

x^dx 
I - x^' 



a?dx 



x^^X^-6 



dx 



I - 2df -h 2X* 



tan"^ (x + 2). 






20j ° \ari + 2 y 



taii"^(2a; - i). 



8. Sxponential Values fbr sin and cos 0. — By comparing 
the fundamental formulas (/) and (A), the well-known expo- 
nential forms for sin and cos can be immediately deduced, 
as follows. 

Substitute z^/ - i for a? in both sides of the equation 

r dec I ( \ -^ 3/\ 

I T = - loff I ) + const. ; 

] \ - x^ 2 \i - a/ . 

and we get 






+ const. 



or, by (/), tan-^^ = ^^ 



log ( ■:= ) + const. 



\ - z y/ - 



I 



Now, let z a tan and this becomes 







V-i 



, , I + \/- I tan 0\ 

log ( 7= I + const, 

I - V - I tan 0. 



When a o, this reduces to o « const. 



Exponential Fotms of sin and cosO, 1 1 

Hence e'^-^ = — = (cos + v^ - i sm 0)% 

cosO-v - I sin 

or, e^^' = cos fl + V"^ sin fl, 

e'^'^ = cos - a/ - I sin 0, 



da 
9. Integration of 



y/x' + a'' 



Assume* \/x* ± a« = z - ar, 

then we get ± a« =« 2' - 20:2, 

hence (2 - x)dz- zdx^ or 



2 - d? "- 



> 



c?x f dz 



Idx f as y 

7^r^ '^ JT = logs- log (^ + /^±a*). (0 

This is to be regarded as another fundamental form. 

By aid of this and form {e) it is evident that all expres- 
sions of the shape 

dx 



^/a + 2bx + cx"^ 

can -be immediately integrated; a, 6, c, being any constants, 
positive or negative. 

The preceding integration evidently depends on for- 
mulA(f), or (e), according as the coefficient of a?' is positive 
or negative. 



* The student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
aboYe 18 a particular case, will be giyen. 



1 2 Ekmentary Forms of Integration. 

Thus, we have 

f-^-4— - 4= sin-, f ^=i\ (II) 

c being regarded as positive in both integrals. 

When the factors in the quadratic a + 26a? + cx^ are real 
and given, the preceding integral can be exhibited in a simpler 
form by the method of the two next Articles. 

dx 
10. Integration of 



y/{x+ a) (a; +j3y 
Assume x -¥ a^ z^^ then dx = 2zdz, 

dx 



2dz, 



hence 



y/ X + a 

dx 2dz 



V{x + a) (a: + /3) y^r«-o + /3' 

cf2 



* ' J y(x + a) (a? +/»J ^ ^J\/^«-a + |3 

- 2 log (2 + \/s* - o + /J), by (0» 

f (fa V 



dx 
1 1 . Integration of 



\/(« + a)(i3-a?)' 
As before, assume x-k- a^ z'^i^ and we get 

dx 2dz 



/(4? + a) (/3 - x) \//3 + o - 2»' 



Examples, 1 3 

Hence, by («), 

f dx . J frTa 

12. Again, as in Art. 7, the expression 

(p + qx) dx 

can be transformed into 

q (6 + cjr) flte pc- qb dx 

c ^/a + 2bx + car' c y^a + 2bx + cor*' 

and is, accordingly, immediately integrable by aid of the pre- 
ceding formulas. 

Examples. 
f dx _ _ _ 

'* J y/ a^ ^ax ' ^*^' > log (l/« + 1/* - «). 

2. I . isin-i^-. 

J \ ax ^x' ^ a 

fdx . /« - I 



■/I 

dx 



^- ItTTST^* bg(2a: + i + 2t/i + * + ;r«). 

5* J .^ -dx = v/(x + a)(a: + *) + (a - *) log (v/*Ta + v/i+1). 

Multiply the numerator and denominator bj ^IT^a, 

A f ^ A • .1 2* -^ I 

o. I . — . ^iM. flm 1 ' . 

. f ^ -1= 8in-i >(^"M 

^ J -/(a + to) (a' - *'«)• y^' \ ay + *a' • 



14 Elementary Forms of Integration, 

dx 
17. Zntegrafclon of 7 r — 7 

Let x + p^i, then 

= , and X = ^— . 

dx C -dz 



. f ^^ ^ f -< 



pz) +c (i -pzf 
-dz 






where a' = c, J' = 6 - cp, c' - a- zhp + c/>*. 

The integral consequently is reducible to (10), or (11), ac 
cording as & is positive or negative. 



Examples. 
— > „ Ans, - cos-i ( - ). 



J a;y«2+ I ^ V ar / 

J (1+*) v/i-a;«' >/i + «' 

4. f ^^ J__ log f ::-^-= Y 

5- . :. -71 sin-i I . 

J ^ y/ ex^ -^ 2bx - a y/a \z y ac + b^/ 

6. f ^ 4=em-•(f^/F\ 



Integration of ;. i r 

(a + cot^Y 

14. The transformation adopted in the last Article is one 
of frequent application in Integration. It is, accordingly, 
worthy of the student's notice that when we change x into 

1 , dx dz J . 1 •!» « I ^^ dz 
- we have — = ; and, in general, it a^ = -, — = - — . 

2 X z ° z X nz 

These results follow immediately from logarithmic diflfer- 
entiation, and often furnish a clue as to when an Integra- 
tion is facilitated by such a transformation. 

For example, let us take the integral — 



I 



dx 



a? (a + bjf)' 

Here, the substitution of - for a?" gives 

I r dz 
n ] as + 6' 

The value of which is obviously 

log iaz + 6), or — log { ; — V 

na ^^ ^ na ^\a-^ baf) 

dx 
1 5 . Zntegration of 



(a + ca^Y 

Let ^ = — , and the expression becomes 
z 

zdz 
the integral of this is evidently 

I X 

or 



a {az^ + c)*' a(a + cx^Y' 

Hence ^ ;r-. = -— --,. (14) 

{a + cx^Y a(a + cx^Y 



1 6 Elementary Forms of Integration. 

1 6. More generally, to find the integral of 

dx 
(a + 26a? + ca^Y 

This can be written in the form 

s 



(ac - 6* + (c^ + 6)*)»' 



which is reduced to the preceding on making ca? + 6 = «. 
Hence, we get 

dx b + ex 



1 



(a + 2bx + cx^y {ac - J') {a + 2bx + cx)^' 
Again, if we substitute - for a?, 



(15) 



xdx , - flfe 
becomes — : —5-, 



and, accordingly, we have 

d^dx^ a-^ bx 

{a -f 2bx + caj^)» {ac - b^) {a + 26^? + cx^)^' ^ 

Combining these two results, we get 

(p + qx) dx bp - aq + (cp - bq) x 



\ 



1 



(a + 26a; + ca;*)» (« + 26a; + cx^)^ 



dd dB 
1 7, Integration of -: — 7: and ;=. 

' sm {j cos cr 

It will be shown in a subsequent chapter that the inte- 
gration of a numerous class of expressions is reducible either 

to that of -: — 7,, or of ^ ; we accordingly propose to in- 

sin ij cos d o ^ JT r 

vestigate their values here. For this purpose we shall first 

dQ 

find the integral of-: — ;r ;:. 

° sm d cos d 



dd 
Integration of -, — -x. 17 

sin u *■ 



dd 



d0 cos^fl ditmd) 

Here - 



sin cos 6 tan0 tan 
(20 



Consequently f g^ g ^^^ g = log (tan 0). ( 1 7) 



Next, to find the integral of 

dd 
sin.0* 

This can be written in the form 

de 



^ 0* 

2 sin - cos - 

2 2 



and by the preceding we have 



Is-^ ''"»(*""!)• <»'> 



Aficain, to determine the integral of >., we substitute 

° *^ cos 

^ for 0, and the expression becomes -r-^ ; the integral of 

this, by (18), is 

- log /tan ?\ or log ( cot |\ or log | cot f ^ - -)| • 
Accordingly, we have 

l^.-»»l-a-!)!-»^l-(r-:)l- (■') 

This integral can also be easily obtained otherwise, as 
follows : — 

f dd ( co9 0de [ djsine) 

J cos ~ J COS* " J COS* 



c 



1 8 Elementary Forms of Integratmu 

Let sin = ;r9 and the integral becomes 

f ^ . I log (l±f \ = i log f i:L!i^ Y 

The student will find no difficulty in identifjring this re- 
sult with that contained in (19). 



18. Integnkdon of 



a + 6 cos 0* 



This can be immediately written in the form 

d% 

(a + b) cos* - + (a - 6) sin» ~ 
2 2 



Q 

sec* - dO 

2 
or — ^— ^-— _ 



' 

a + 6 + (a - ^) tan* - 

2 



on substituting z for tan - this becomes 

2 



2(/z 



a + ^ + (a - ^) s'* 



Consequently, by Ex. 5, Art. 2, we get 
(i). when a> b, 



l«+jcosr7^*'""N^r6**°;j- (") 



Different Methods of Integration* 



»9 



(2), when a <h^hy formula (A), 



Jfl + 



dO 



e^ 



bcosO \/b^^d 



ilog < 



v/6 + a + */6 ~ a tan - 
2 

,- / e 

y/o ■¥ a-vb-a tan - 



>. (21) 



If we assume a = 6 cos a, the latter integral is easily 
transformed into 



ftJcosa + cosO 6 sin a ^^ 



I cos 



a-e 



cos 



a + e 



The integral in (20) can be transformed into 



J « + 



dd 



b cos 9 \/a^ - b^ 



cos 



6 4 flr- cos 



■!- 



6 cos ) * 



In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

19. BCethods of Integration. — The reduction of the inte- 
gration of functions to one or other of the fundamental 

formulae is usually effected by one of the following methods : — 

« 
(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined with 
advantage. It may also be observed that these different 
methods are not essentially distinct ; thus the method of ra- 
tionalization is a case of the first method, as it 13 always 
effected bj the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

c 2 



20 Elementary Forms of Integration, 

20. Zntegratioii by Transformation. — Examples of this 
method have been already given in Arts. 4, 10, &c. One or 
two additional cases are here added. 

Ex. I. To find the integral of sin-j? cos^xdx. 

Let sin a? = y, and the transformed integral is 



|y' (I -f)dy = jyVy - jy^rfj, = ^ - ^ = 



sin'^ sin*a! 



Ex. 2. 



r e' dx 



Let e* = y, and we get 

dy 



frT7 = *^^''y=*^^"'(^)- 



21. Integration by Parts. — We have seen in Art. 13 
Dif. Cal. that 

d {uv) = udv + vdu ; 

hence we get 

MV = I udv + I vdu^ 



or 



j udv = uv - jvdu. (22) 



Consequently the integration of an expression of the form 
udv cat! be always made to depend on that of the expression 
vdu. 

The advantage of this method will be best explained by 
applying it to a feW elementary cases. 

Ex. I. sin"^ xdx - X sin** x - , 



- X^VDT^X 



+ a/i ■'^. 



Different Methods of Integration. 



»9 



(2), when a < 6, by formula (A), 



dQ 



e^ 



a -i- b cos \/l^- a 



ilog ^ 



y/b + a + */6 - a tan - 
2 

,., / e 

x/o ■¥ a-vb- a tan - 

2 



>. (21) 



If we assume a - b cos a, the latter integral is easily 
transformed into 

a-e 



ftJcosa + cosO 6 sin a ^ 



I cos 



cos 



oT^ 



The integral in (20) can be transformed into 



J a + 



dd 



b cos \/a^ - b^ 



cos 



b -^ a cos 



■I- 

{a + 



^ cos ) * 



In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

19. Methods of Integratioii. — The reduction of the inte- 
gration of functions to one or other of the fundamental 

formulae is usually effected by one of the following methods : — 

« 
(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined with 
advantage. It may also be observed that these different 
methods are not essentially distinct ; thus the method of ra- 
tionalization is a case of the first method, as it 13 always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

c 2 



1 2 Elementary Fonm of In tegration . 



Examples. 

I. I tan'^x dx. X tan'** — log (i + »»). 



x« 



f '• 
3. I 9 tan' « dip. « tan x + log (cos x) 

Let X = sin y, and the integral becomes 

J ^^^=J y'^^**'^y) = ^**^y■'■^**»(*^^y)• 
5. j e»««rfaf. e*(jr« - 2X -}- 2). 

22. Integration by Rationalisation. — By a proper assump- 
tion of a new variable we can, in many cases, change an ir- 
rational expression into a rational one, and thus integrate it. 
An instance of this method has been given in Art. 8. 

The simplest case is where the quantity under the radical 
sign is of the form a + bx; such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 



(a + 6a?)i' 
wliere n is a positive integer. Suppose a + b,v = z\ then 

2zdz J z^ - a 
ax = — J— and a = — - — ; 


making these substitutions, the expression becomes 
^ 2 (2^ - a)" dz 



Integration bj^ Parts. 



21 



Ex. 2. 



X log X dx. 



Let 



a?" 



u = log ,2?, V = — , and we get 



x log xdx - 



x^ log ^ I c dx ar' 



I f flfir ar' , r 



Ex. 3. 



Let 



1 



ef^ xdx. 



e^ , 

a? = w, — = v, then 

AT 



dr^*" dx = 






oj ,. /tax 



ax 



Ex. 4. 



« 



OiT = 

J « « 



^"•^ sin mo? c?a?. 



a? — 



I 
a 



Let 



sin 7nx - u, — = v, then 
a 



1 



g''-*^ sin ;/^a; dx = 



^ sin /7W7 m 



a 



a 



e^-' cos mx dx. 



imilarly, I 



fiOX gQg ^^^ ^ r 

^ COS mx dx = + — M?"^ sm tnx div, 

a a J 



ubstituting, and solving for | e^ sin inxdx, we obtain 



e^ sin mx dx = 



«'»*(ja sin mx - m cos mx) 



a^ + wi* 



(23) 



In like manner we get 



I 



e^ cos //ia: fl^;r = 



e^ (a cos m^r -^ m sin m.r) 



a' + m"^ 



(24) 



24 Elementary Forms of Integration, 



Again, if we make a? = -, the expression 

dx 



x^ (a + ca^Ji 

transforms into 

g"'* dz 

and is reducible to the preceding form wlien n is an even 
positive integer. 

Hence, in this case, the expression can be easily inte- 
grated by the substitution {a + car*)* = xy. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more ge- 
neral form, which is integrable by a similar transformation. 

Examples. 

Jdx ^ \/x* - ' , . X 

dx 
25. lutogration of (^ ^ Cx^) (« ^ c^)i ' 

As in the preceding Art., let {a + c^*)i = xz, or a + cj?* 
= a?V: then, if we differentiate and divide by 2x^ we shall 
have 

, dx dz 
cdx = z^dx + a?s a2, or — «= ^ — - ,, 



a?s c-z- 
dx dz 



^i> 



* * (a + cx^)^ c 

and the transformed expression evidently is 

dz 
{Ac - Ca) - Az"* 



(25) 



Trigonometrical Transformations. 25 

This is reducible to the fundamental formula (/), or (A), 

Ac - Ca . 

according as — is positive or negative. 

A 

Ac — Ca 
Hence, (i) if ^ > o, the integral is easily seen to be 

' log / \/^ (q + (^) + J^y/Ac'- Ca \ ^^^^ 

^y/A{Ac - Ca) \y/A {a + cx^) - x^Ac - Ca) 

(2). If ^ < o, the value of the integral is 



tan 



(27) 



I. 



2. 



i X\/Ca -Ac 
y/A {Ca - Ac) ^A (a + cx^)' 

Examples. 

f , ^ Ans, 4. tan-i / ' ^'"^ 

J (I + a:«) (. - o;^)* ^^ W~^^^\ 

tdx I / 5* \ 

(3 + 4^M4 - 3**)** 5 y/l ^ ^ ^Vi2-9^*/ 

f ^ ^, a\/3 + 4x»-f 5a ; 

^* J (4 - 3'«) (3 + 4a^*>* 20 °» ;^^T1^ _ 5/ 

26. RAtionallzatiim by Tiigonometrloal Transformatioii. — 

It can be easily seen, as in Art. 6, that the irrational expression 

va 4- 2bx + cx"^ can be always transformed into one or other 
of the following shapes. 

( 1 ) (a' - z'')^ : (2), {a" + z')h ; {z' - a=^)i ; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation. 
The first of the forms, by making s = a sin ; the second, by 
2 = tan ; and the third, by s = a sec ft. 



26 Elementary Forms of Integration, 

For, (i). When g = o sin 0, we have (a^ - s*)i = a cos ©, 
and e/2 = a cos 06^0. 

(2). When a = a tan 0, .... (a^ + -s*)* = a sec 0, and 

adB 

dz = rr:. 

COS*0 

(3). When z = a sec 0, .... (2* - a?)^ = atan0, and 
dz = a tan sec 0(/0. 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent place 
this class of transformations will be again considered. For 
the present we shall merely illustrate the method by a few 
examples. 

Examples. 

r dx 

J t2 (I + jr»)*" 

Let X = tan fl, and the integral becomes 

C COB 9 dO ^ f d(am9) i _ _ ^T+lfi 

J Bin3 " J 8in«<^ ~ sin ~ — ' 

dx 



J (a2-x»)i 
Let rr = a sin 9, and we get 

I f rf9 _ tan ^ X 

This has been integrated by another transformation in Art. 15. 

r dx 

^' J x3 (:r« - i)J* 

Let X = sec 0, and the integral becomes 



f « /. ^/» , , V . . sin cos 
cos2 d<l9, or, by (3), Art. 3, + - 

accordingly, the yalue of the integral in question is 

V^^^' + I CO.- ( ^\ 

■,«t » \x] 
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^* J (1 + ^)i ' 

Let X at tan 9, and we get 

^tf (a cos + sin 6) 



I cos ««^ rff ; or, by (23), 



I + a* 



' J 777^ "(• + «•)(' +'^)»' 

Let = sin* 0, or a: = a tan* 0, and the integral becomes 

a + z 

afOd (tan* 9), or a J rf(8ec« 9) : (since sec^ = i + tan* 0). 
Integrating by parts, we have 

/9rf(sec«e) = 0sec*0- /sec* drf^ = 9 sec«0 - tan0 : 

hence the yalue of the proposed integral is 

(a + z) tan-i [ - ) - (««)*• 

It may be observed that the fundamental formulsB (e) and (/), can be at 

once obtained by aid of the transformations of this Article. 

« 

27. The student must not, however, take for granted that 
whenever one or other of the preceding transformations is 
applicable, it furnishes the simplest method of integration. 
We have, in Arts. 8 and 13, already met with such integrals, 
and have treated them by other substitutions ; all that can 
be stated is, that the method given in the preceding Article 
will be often found the most simple and useful. The most 
suitable transformation in each case can only be arrived at 
after considerable practice and familiarity with the results in- 
troduced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression, which appear at first sight not to agree. 
On examination, however, it will always be found that they 
only differ by some constant ; otherwise, they could not have 
the same differential. 
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28. Higher Transoendental FimbtioiiB. — Whenever the ex- 
pression under the radical sign contains powers of x beyond 
the second*, the integral cannot, unless in exceptional cases, 
be reduced to any of the fundamental formulse ; and conse- 
quently cannot be represented in finite terms of a?, or of the 
ordinary transcendental functions; i. e. logarithmic, expo- 
nential, or circular functions. Accordingly, the investiga- 
tion of such integrals necessitates the introduction of higher 
classes of transcendental functions. 

Thus the integration of irrational functions of ar, in which 
the expression under the square root is of the third or fourth 
degree in x, depends on a higher class of transceudentals 
called Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next Chapter. 

30. Observations on FundameJital Forms. — From what has 
been already stated, the sign of integration | may be regarded 
in the light of a question : viz. the meaning of the expression 
\ F{x) (& is the same as asking what function of a? has F{x) 
for its first derived. The answer to this question can only 
be derived from our previous knowledge of the differential 
coefficients of the different classes of functions, as obtained by 
aid of the Differential Calculus. The number of fundamental 
formulse of integration must accordingly, ultimately, be the 
same as the number of independent kinds of functions in 
Algebra and Trigonometry. These may be briefly classed 
as follows : — 

(i). Ordinary powers and roots, such as j?"*, a:«, &c. 
(2). Exponentials, a', &c., and their inverse functions; 

viz. Logarithms. 
(3). Trigonometric functions, sin ir, tan re, &c., and their 

inverse functions ; sin"*a;, tan'^ x^ &c. 

This classi6cation may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transformation 
to one or other of the fundamental formulae given in this 
chapter. He will also soon find that the classes of integrals 
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which are so reducible are very limited, and that the large 
majority of expressions can only be integrated by the aid of 
infinite series. 

The student must not expect to understand at once the 
rectaon for each transformation which he finds given : as he 
however gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformation which seemed at first sight the 
most suitable: such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration in 
two or more different ways. Such modes of arriving at the 
same results mutually throw light on each other, and will be 
found an instructive exercise for the beginner. 
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Examples. 



!• I -;— r — ^-T-. Ans, - - 



f(i + COBX)dx 
{x + sin 0?)' 



2 (a: 4 sin *)• 
1. \rwa.xdx. sin « - ar cos «. 



dx, 2 log (i + oj) - X. 



X 



4. I (a + te*)*" «»-» <fo. ^-- L — . 

J w(m+i)* 

fx*dx 2 I 

c dx 

*• J (,+»') tan -,- log (ten- X). 

7. f , '^ ■ .«n-'Ji±I. 

J«« + a^-2 9 V*^+ 2/ 

9- f-^ = — ,,-.- . - tan-l I - tan a;). 

J a'* cos' 35 + 0* sin* x ab \a J 



II. 



ftan X dx i 
r- r- . — 77 r log O (« COS** + b sin'oj). 
a + * tan* x 2 (b - a) ° ^ * '^ 

f co8(loga;)rfa; . 

I — ^^-^ . sm(log»). 



<^ 



12. Show that the integral of — can be obtained from that of a:*" dx. 

X 

Write the integral of ic^ die in the form ; and by the method of 

fW + I 

indeterminate forms, Ex. 5, Ch. iy. Di£ Cal., it can easily be seen that the true 
value of the fraction, when m + i = o, is log f - ], or log «, omitting the 
arbitrary constant. 

13. ItP* sin mx cos nx dx. 

This is immediately reducible to the integral given in formula (23). 

dx . 2 .M-^^tan; 



fdx 2 
: — . Ans. - tan-i 
5 + 4 sm a; 3 



2 



Examples. 3 1 



a;^nui-i«dir , ««*"■*« (ax + i) 



^ J (I 4- »«)i 



16. I «(»+ x)idx. 



j«(« 



17. 



(I + a«) (I + ««>• 


3(« + «)t (4« - 


.8a) 


4.7 




^a + 6aj* 





Let a + bx^ = z*. 

(jp + ^ cos «) rfa; 



18. 

This is equiyalent to 



np±9 

J « + 



60O8« 



qdx ph - qa c dx 



fqax po - qa r 
b b ] a-\- b cos x' 

and accordingly, can be integrated by Art 18. 

xe^dx . e* 



r xe^dx 

19. r . Ans. 

J (i 1- «)* 



20. 



taj<fo: I , . 
i- - tan-i (a;«). 
i+«* 2 ^ 



4* 

3a(a + te>)a 



'• ;• 

J (a + ^aj)a 

f<£a; 2 , / V I + or* — I \ 
/ ~ log V — 1 
«V^«'+i 3 NVi + aS-i/ 



Let a;' + I = I*. 



J xk/tS* + I " 



24. Integrate 



Vi + «*— I 



^a 



by aid of the assumption x 



a + ^ cos 
ft + a cos a 



a 4 cos 
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25. Deduce Gregory's expansion for tan'^ x from formula (/). 
When « < I, we have 

= I — «* 4- Jr* - rr* + &c. 



I +«' 



C dx x^ x^ x^ ^ 
.: tan-*a!=l = a? + + &c. 

J i+«* 3 5 7 

No constant is added since tan-^ x vanishes along with x. 

26. Deduce in a similar manner the expansions of log {i + x") and sin'i x. 

d9 

27. Find the integral of ; ; — -, 

■ a + bcoaO + esmO 

This can be reduced to the form in Art 18, by assuming - = cot a, &c. 

c 



•^ (a + bx) a/i + x* 



Ans, --4= log { °t ^ —\^ 



This can be integrated either by the method of Art 13, or by that of Art 23. 



CHAPTER II, 

INTEGRATION OF RATIONAL FRACTIONS. 

31. Rational Fractions. — A fraction whose numerator and 
denominator are both rational algebraic functions of a va- 
riable is called a rational fraction. 

Let the expression in question be of the form 

cuxf^ + haS^^ + ca?'"'* 4 &c. 
a V + h''^-"^ + c'ot^-'' + &c. 

in which m and n are positive integers, and a, b , , a', b\ • . 
are constants. 

In the first place, if the degree of the numerator be greater 
than, or equal to, that of the denominator, by division we 
can obtain a quotient together with a new fraction, in which 
the numerator is of lower degree than the denominator ; the 
former part can be immediately integrated by Art. 3. The 
integration of the latter part in general comes under the 
method of Partial Fractions. 

32. Partial Fractions. — The method of decomposition of a 
fraction into its partial fractions is usually given in treatises 
on Algebra ; as, nowever, the process is intimately connected 
with tne integration of a large class of expressions, a short 
space is devoted to its consideration here. 

For brevity, we shall denote the fraction under consider- 

ation by * ^ \ \ . 

Let d, 02, as, . • • On denote the roots of ^ (x) ; then 

(p (x) = (a? - ai) {x - az) (a? - 03) . . . {x - an)- (i) 

There are four cases to be considered, according as we 
have roots, (i)real and unequal; (2) real and equal; (3) 
imaginary and unequal; (4) imaginary and equal. 

We proceed to discuss each class separately. 

D 



34 . Integration of Rational Fractions. 

33. Real and Unequal Roots — In this case we may as- 
sume 

/^ _A_ + ^L. + _l£_ + ... + _^. (,) 
<^\X) X - ai X - a2 X - az x - an 

where -4i, -4a, . ... An are independent of a. For, if the 
equation be cleared from fractions by multiplying by (a?), on 
equating the coeflBcients of like powers of a: on both sides, we 
obtain n equations for the determination of the constants 

■^ij A29 • • • -4»i« 

Moreover, since these equations contain Ai, A2, &c., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious. 

The equation (2), when cleared from fractions, gives 

/{x) = Ai{x-a2) (x-az) . . (a? - Cfl) + -^2 (a* - ai) (x-az) . . . 

(x - an) + &c. + An (x - d) (iP- 02) ... (a?- a«.i) ; 

and since, by hypothesis, both sides of this equation are iden- 
tical for dl values of x^ we may substitute ai for x throughout ; 
this gives 

/(ai) = Ai (oi - 02) {a\ - as) . . . {d\ - a«). 
or 

In like manner, we have 

A - •''('") A - •^("'> J /<^«»> f ^ 

Hence, when all the roots are unequal, we have 
*W f(o,)iF-a, <t>\a») x - a-i ' f(a«)a!-a,* ^^' 



j 
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Accordingly, in this case 

/i£) e& = 4^^ log (X - a.) + --^ log (x - «,) + &o. 

+ ^, log {X - «.). (5) 



The preceding investigation shows that to any root (a), 
which is not a multiple root, corresponds a single term in the 
integral, viz., 

one which can alwaya be found, whether the remaining roots 
are known or not ; and whether they are real or imaginary. 

34. It should also be observed that even when the degree 
of « in the numerator is greater than, or equal to, that in the 
denominator, the partial fraction corresponding to any root 
(a) in the denominator is still of the form found above. 

For let 



where Q and 72 denote the quotient and remainder, and let 

A . . R 

be the partial fraction of — ^-r corresponding to a single 

root a ; then, on multiplying by <^(x) and substituting a in- 
stead of ^, it is easily seen, as before, that we get 

~ ♦'(«)• 

For example, let it be proposed to integrate the expres- 
sion 

x^ dx 



D 2 
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Here the factors of the denominator are easily seen to be 

a? - I, a? + 2, and « - 3 ; 
accordingly we may assume 

«' ^ r:t ^ ^ O 



ai^ - 20^ - S^ + 6 a- I a -2 a?-3 

To find a and j3, we equate the coefficients of a*^ and a^ to 
zero, after clearing from fractions : this gives immediately, 
a = 2, and j3 = 9. 

Again, since ^(x) = tc* - 2aj' - 5a; + 6, we have 

i>' (^) = 30:' - 4« - 5. 

Accordingly, substituting i, - 2, and 3, successively for a? 
in the fraction 

ar» 



•2 -_ 



3a?* - 4ar - 5 
we get 

6 15 10 

and hence 

^2 I 32 243 

iT - 2aJ* - 5a; + 6 "^ 6(j:-i) 15(0?+ 2) io(a;-3) 

f ac^dx «* . loff (x - i) 

J aj» - 2^2 - ja; + 6 3 6 

- ^ log(a: + 2) + ^log(iC-3). 

35. If the numerator and denominator contain x in even 
powers only, the process can, in general, be simplified ; for, 
on substituting z for a^, the fraction becomes of the form 

0(2)" 
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Accordingly, whenever the roots of (z) are real and un- 
eqiuily the fraction can be decomposed into partial fractions, 
and to any root (a) corresponds a fraction of the form 



0^(a) Z" a 
The corresponding term in the integral of 



is obviously represented by 



dx 



f(a) [ dx 



{a) f ax 



This is of the form (/) or (A), according as a is a positive 
or negative root. 

The case of imaginary roots in ^ (z) will be considered in 
a subsequent part 01 the chapter. 

It may be observed that the integrals treated of in Art. 
c are simple cases of the method of partial fractions discussed 
m this Article. 

ExiLMPLES. 
(I* + 3) cfor 



I. 

2X 






Here, the factors of the denominator evidently are, a;, jr - i, and « + 2 ; w» 
accordingly assume 

2X+ X A B C 



Again, as ^(«) = aj^ + «' - 2a?, we have 0' («) = 3»» + 2a? - 2 ; 



0'(4:) " 305' + lar-i' 



Hence, by (3) we have 



3 5 ^ r 

230 
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consequently 

•^^; —^ — « - - log » + - log (a - i) - - log (or + i). 

2. 



Jrar» + 



Here 

1 -l^i^ l-\ 

hence the value of the required integral is 

Jxdx 
(«» + a) («» + *)• 

Substitute x for d^, and the transformed integral is 

I f dz 

a J (« + «) (» + *)' 

Consequently the Talue of the required integral is 

^,33.^ a * '^'"' 3* + " log(aJ - 2) - 2 log {x - i). 

f f*' — "CS dx 119 

f (23?+ l)^ I ■» 

<*• J <«+.)(;.+ T)- jlog« + log(*+.).ilog(x*2). 

J Jr»»+i(a + A«»)' 
Let »♦» = —, 
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36. MnltiiAe Real Boots. — Suppose 0(x) has r roots each 
equal to a, then the fraction can be written in the shape 

{x - ay \ij(xy 

In this case we may assume 

+ 7~ rrn + . • . + - — - + -j-* 



{x - of \ff{x) {x - aY [x - a)'*"* ' ' ' x- a xf^x 

where the last term arises from the remaining roots. 

For, when the expression is cleared from fractions, it is 
readily seen that on equating the coefficients of like powers 
at both sides, we have as many equations as there are un- 
known quantities, and accordingly the assumption is a legiti- 
mate one. 

In order to determine the coefficients, Jfi, M2, &c. . . . Mf^ 
clear from fractions, and we get, 

J{x) = Mi\p(x) -hMiix- a) iP{x) 4 M^(x - ay \l^{x) + Ac ... (6), 

This gives, when a is substituted for x, 

/(«) = M, rp(a), or M, = ^y (7) 

Next, differentiate with respect to x, and substitute a in- 
stead of ^ in the resulting equation, and we get 

f(a)^M,x[^\a) + JU,x[,(a); (8) 

which determines Jf,. 

By a second differentiation M^ can be determined ; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

/(a) = M, rP(a). 

f"{a) =. if.i^"(«) + 2 .M^ xP'{a) + 1.2 Mi !/,(«). 

f''{a) = 3f,,^"'(a) + 3 . Mt^i>"{a) + 2 . 3 i/, ^P'{a) +1.2.3. M^>p{a). 

f{a) = M,iP^{a) + 4. J/,^'"(a) + 3 .4ilf>f' (a) + 2 .3 .4. -Mi ^^'W 
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in which the law of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 

f{x)dx 



{x - ay i//(^) 
evidently is 

. Mr-X I Mr.2 Ml 
Mr loff (x-a) - . . - , — r— ;. (o) 

If ^{x) have a second set of multiple roots, the correspond- 
ing terms in the integral can be obtained in like manner. 

37. Zmagtnary Roots. — The results arrived at in Art. 33 
apply to the case of imaginary, as well as to real, roots; 
however, as the corresponding partial fractions appear in 
this case under an imaginary form, it is desirable to give an 
investigation, in which the coefficients are all real. 

Suppose a + 6 \/ - i and a-hV - i to be a pair of con- 
jugate roots in the equation ^{x) = o ; then the corresponding 
quadratic factor is 

(^ - a)* + 6*, or ;c* + pa; + J (suppose). 
We accordingly assume 

^{x) = (a?' \ px '>t q) \Ij{x), 
and, hence 

f(x) Lx + M P 
(^{x) x^ + px -^ q Q* 

P 

where -^ represents the portion arising from the remaining 

roots, and is the part arising from the roots 

f -^px + q ^ ^ 

a ± hV ~ I. 

Multiplying by (a?) we get 

p 

f{x) = {Lx + M) ^{x) + {x^ + pa: + 17) -j^ '^{x). (7) 
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If In this, - (px + q) be substituted for a?, the last term 
disappears ; and by repeating the same substitution in the 
equation 

/(x) = i/.(ar) (ia? + Jf), 

it ultimately reduces to a simple equation in or ; on identi- 
fying both sides of this equation, we can determine the values 
of L and M. 

38. In many cases we can determine the coefficients Z, M^ 
more expeditiously, either by equating coefficients directly, or 
else by determining the other partial fractions first, and sub- 
tracting their sum from the given fraction. 

It will also be found that the determination of many in- 
tegrals of this class can be much simplified by a transfor- 
mation to a new variable, or by some other suitable expedient. 

Some elementary examples are added for the purpose of 
illustration. 



Examples. 

xdx 



1. 


J (1 + 


*K»+^)' 


Asrame 


• 






X 


A Lx^M 

I + a; I + «» ' 




(i + *) Ci 1- a;2) 


clearing from fractions, this becomes 






« = ^(l + «2) + 


{Lx + if) (I + x). 


Equate 


the coefficients, and we get 






i + -4 = 0, X + M=^ I, ^ + Jf = 0. 


Hence 







and accordingly 



X=-,if = -, A^- -i 

2 2 2 



X II 114^ 



(i + a?) (i + ««) 2 I + « 2 I + «« 
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fxdx I , I I + «• I I , 
, T7 -TT = - log I , T^ + - tan-ijf. 



2. 



f 



! + *» 

Let 

I ^ Xx+ir 



+ 



I 
cmuequently ^ » -, by formula (3). Sabetitatiiig and clearing firom firactioDs, 

we have 

3 « I - « + «» + 3(Xx + if) (' + *) ; 

hence, dividing by i + «» we have 

2 - « = 3(-L4: + A/). 
CcmieqTientlyy 

f ife _if £te If (2- %)dz 

= - log (!+«)- ^log(i-a? + «2) +-7:12 tan-> f^^;^ ]. 

This can be got from the last by changing the sign of x, 

f dx 

In this case we have 

I _ I / I I \ 

I-iB* 2\i-a^ i-\-x^ I' 

Let ^ =s e, and the integral becomes 

I r zde 

T J ?^' 

* 

(x-i)« («« + i)* 
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Assume 

+ — + 



{X - i)« («3 + 1) (» - 0* « - I. I + a^ 

To find Z and Jf, we clear from fractions, and by Art 37, the values of L and 
M are foimd by making x' = - i in the following equation, 

This gives idunediately X , Jf = o. 



2- 



I 



Again, by Art 36, we get immediately, A= -» 



2 
To find B, make « se o in both sides of our identity, and we get 

o^A-B + M^ ,', B==A=: ^, 

2 

FinaUy 

sfidx II II IX 

+ - 



(a; - i)« (a;« + 2 (a; - i)' 2 a? — i 2 1 + j:** 
r sfidx III I 

7 f ^^ 

Here the denominator is easily seen to be a^x - i) (j; + i^^ (a;* + i), and the 
expression becomes 

dx 



r ax 

J a:*(» - i) (» + i)« (»2 + I) 



Aflstime a; = -, and the transfoimed expression is evidently 

z 



Isfidz 
(2-l)(2+l)H«' + 0- 



The quotient is easily seen to be z - i, and by the method of Art. 34, we may 
assume 

«• , A B C Lz^M 
= «-! + + ^ . ,. + + 



(f-i)(«+ i)» (««+ i) «-i (a+i)« * + i a' + i* 

Hence (Arts. 33, 36) we have 
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Next, L and M are found bj making x* = • i, in the equation 

I = 2(L« + IQ (« + i) = a (Zr* + (L + JQ* + JT} 



which gives 



2 



. * • Jk ^ - • Jj — — -*• 
4 4 



In order to find the remaining coefficient C, we make s = o, idien we get 



o = - I - -4 + J + C+ Jf, .•• C?= |, 



hence, we have 



£* IIII QII2-I 

= «-!+- , + f 



(«-!)(«+ i)2 («»+ i) 8«-i 4 (» + !)« 8« + i 4»« + i* 

(»-.)(zH-.)'(^^.) °i-'n^''g('-')-^4rn 

• + I log (a + i) - 1 log («•+!)+- tan-»2. 

Hence, 

fdic I I I a; 1,1-* 

^•+*7-iF*-ar» 2a?« x 4*+! 8 °i+«« 

+ I log C« + i) - log * - - ta^"^ «• 

5 4 

39. Multiple Imaginary Roots. — To complete the discus- 

f(x) 
sion of the decomposition of the fraction -7-r, suppose the 

denominator 0(x) to contain r pairs of equal and imaginary 
roots, i.e.f let the denominator contain a factor of the form 
l{a - ay + i^jr . and suppose 0(^) = {(^ - a)^ + i')'* 0i(^). 
In this case we assume 

f(a) _ LiX + Ml L^ 4- Mi 



+ . . . + , r-— ^ + 



(a?-a)»+6' 0i(*) 
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The remaining partial fractions being obtained from the other 
roots. • 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, Li,Mu L2, M2, . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine ii, J/i, £2, &c. ; let the factor (x - a)^ + 6* 
be represented by X, and multiply up by X*", when we get 

^^ ^L,x+ M^^ (L2X + M2)X + . . . + (L^ + Mr) X*-i 

The coefficients L^ and M^ are determined as in Art. 37. 
To find jLa and M2 ; differentiate with respect to rr, and sub- 
stitute a + b^ - I for « in the result, when it becomes 

where Xq- a-¥ hV - i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of ij and Jl/a- By a second 
differentiation, i, and M^ can be determined, and so on. 

It is unnecessary to go more into detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of ^(x) = are 
known. 

The practical application is often simplified by transfor- 
mation to anew variable. 

40. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms 

dx dx {A+ Bx)dx (Lx + M)dx 



x-a' (r - af {x - ay + b^' { (x - af + 6*)'*' 

The methods of integrating the three first forms have been 
given already. We proceed to show the mode of dealing 
with the last. 
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41. In the first place it can be divided into two others, 
L{x '^a)daf (La + M)da! 

The integral of the first part is evidently 



2(r-i) t(x-a)* + 6*) 



r-i 



To determine the integral of the other part, we substitute 
s for a? - a, and, omitting the constant coefficient, it becomes 



I 



dz 



Again, 

But we get by integration by parts, 

z I C dz 

2(r- i)(s» + 62)'^» "*" 2(r-i)J (s2 + 6*)^' 

Substituting in the preceding, we obtain 

f dz _ 2r - 3 r dz z , 

J {z^TFy " 2{r- i)b^](z^^b^y^ "^ 2(r-i)6*(2»+6y-»* ^^^^ 

This formula reduces the integral to another of the same 
shape, in which the exponent r is replaced by r - i. By 
successive repetitions 01 this formula the integral can be re- 

duced to depend on that of , , . 

The preceding is a case of the method of integration by 
successive reduction, referred to in Art. r 9. Other examples 
of this method will be found in the next Chapter. 
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The preceding integral can often be found more expedi- 
tiously by the following transformation. Substitute b tan 

dz 
for Zy and the expression j-^ — ^^ becomes, obviously 

The discussion of this class of integrals will be found in 

the next Chapter. 

f{x^)dx 
42. We shall next return to the integration of ''— — —- 

which has been already considered in Art. 35, in the case 
where the roots of ^ {z) are real. To a pair of imaginary 

roots, a ±b V - i , corresponds a partial fraction of the form 

(Ax^ '\-B)dx (Ax" + B) dx 
(aj« - ay + 6*' x^ - 2ax^ + c=»' 

where c' «= a* + b^. 

In order to integrate this, we assume a = c cos 2^, when 
the fraction becomes 

(Ax* + B)dx 



X* - 2ai^c cos 20 + c* 

The quadratic factors of the denominator are easily seen to 
be 

X* - 2X \/ c COS + c, and a?' + 2X vc cos ^ + c. 
Accordingly, we assume 
Ax^ + B Lx + M L'x-vM' 



Q^-2x*c COS 20 +c' a»2 - IX V c COS + c x' + 2* \/c cos + c' 
hence, it can be seen without difficulty, that 

8C*COS0 2C 
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and after a few easy transformations, we find 

f (^g' + S) dx _ Ac - B . ^ / ^»-2^yccos0 + c '\ 
] x^ - 2a? c cos 20 + c* Scos^d ^\a^ + 2a? Vccos^ + c/ 



^c + JB ^ /2irv^sinA\ 

+ — j^ s tan-^ —^ \ 

4Sin0c» \ <r - a^ ) 



dx 
dQ. Zntegration of ^ — rr-. 

This expression can be easily transformed into a shape 
which is immediately integrable, by the following substitu- 
tion : — 

Assume a? - a = (a: - 6) z, then 

a -bz (a-b) z , a -h , (a-b)dz 
x^ , .. a?-a = yX-o- , ew*=^^- ^-. 

1-2 1-2 i-s (i-^r 

and the expression transforms into 



m*n-i «.m 



(a - b) 

Expand the numerator by the binomial theorem, and the 
integral can be immediately obtained. 
For example, take the integral 

dx 



{x - ay {x - by 
Here the transformed expression is 

f (i -zydz 

J {a-byz^' 
or 

(«-*)* J \'2'' 2 / {a-by\2 ^ ^ ^ z\ 

X ~~ a 
Substituting — r for 2, the integral can be expressed in terms 
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44. Integration of 



(a + cx^Y* 



where m and n are integers. 

Let a + ctt^ =^ 2, and the expression becomes 



m*i trn 



2C 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 

It is evident that the expression is made integrable by the 
same transformation when n is a fractional or negative index. 

It may be also observed that the more general expression 

7^^ -r- can be integrated by the same transformation, where 

/(j') denotes an integer algebraic function of «*. 

Examples. 

far* dx a* a;* 

(Sn:^)i- -*"'• j(iJZ^) + r + "* i"* («* - *')• 



(a + cflj")** 



4c«(a + cic»)« 6c2 (a + ca;«)3 ' 



sc^dx 



tar ax I ' I , , - . 



4 J. Integration Of 



a;"- 1 



where » is a positive integer. 

Suppose a an imaginary root of a?*» - 1 =^ o, and it is evi- 
dent that a"* is the conjugate root : also by (3), the partial 
fraction corresponding to the root a is 



.» or 



na^^ {x - a) n(x -a) 

£ 
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If to this the firaction arising £rom the root a** be added, 
we get 

I I a a'^ I I ( or (q + q'O - 2 \ 

n\x-a x-a^] n (a;*- ^« + aO*+ i) 

Bat, by the theory of equations, a is of the fonn 

cos + v^ - I sin , 

n n 

where i is an integer, 

2iw 



.-. « + 0"*»2 CCS 



2iv 
Hence, if be sobstitated for the preceding firaction 

becomes 

2 jrcos9- I 



n * aB*-zrco«0+ i* 
The integral of thk, by Art. 7, is 

coed, > A ^\ ^™*^ ./'x-costfx 

lofT (1 ~ 2«co6 9-h4r*) tan"* I — . ^ L 

« ** ^ ^ m \ smv / 

There are two cases to be considered, acconfing as n is 
•Ten or odd. 

(i«) Lei m « 2r : in this ease die conation d:*^ - i = o has 
two real roots^ Tia. + i and - i ; and it s easily seen dial 

"= * — wg -t^ — 2coe — iog(i-2Jrcos — +j:*) 



hw 



— 2aa — tan 

r r 




(13) 
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aj»- I 



where the summation represented by 2 extends to all in* 
tegral values of k from i to r - i . 
(2.) Let » = 2r + I, and we obtain 

t dx loff(x-i) I — ikn ^ ( ikit \ 

I =— S2^ + 2 cos loffl I -2^cos -fjr* J 

Ja^^-i 2r+i 2r+i 2r+i *^V 2r + i / 



X - cos 



zkir 



2 ^ . 2kir ^ I 2r+ I . . 
2 sin tan-M z (14) 



2r + I 2r + I 1 . 2kT 

sm 



2r+ I 



where the summation represented by 2 extends to all in- 
tegral values of k from i up to r. 

At III-l fj/tft 

46. Integration of — where m is less than n. 



.r"-i 



As before, let a be a root, and the corresponding partial 

fraction is -7 r or — r ; hence the partial fraction 

wa""^ (ar -a) w (« - a) ^ 

arising from the complementary roots, a and a"S is 

n \ a? - a « - a'^J n 4:' - (g + g"*) a? + i 

2 ar cos mO - cos (m - i)0 
n x^ - 2X cos + I ' 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

-Icos mO log («*- 2x cosd + 1) - 2 sin md tan"* — : — tt— ! . (\t\ 
n( sm^) 

n 
By giving to it all values from i to — i, when n is even ; and 

from I to when n is odd, the integral required can be 

written down as in the preceding Article. 

E 2 



5^ lExamph^, 



Examples. 



2. f-- - log (*-^ )- -tan-iflf. 

3- J .(a-H^? - - log* + -^^— log(« + te«> 

J «* + i 4V^a U»-«l/2+ 1/2^2 Vi-a:«y 

f (2JB - 5) <fe 7 ri . /y+iA 

J (» + 3)(«+ 0'" ^^+0 ■*■ T ^^ ViTTl ]• 

f ifa I I , / g' \ 

' J »Co + *a:«)** ua* \ « + te* j »a(a + bs^) * 

«(a + bad^y 

Let a + ^ si^n^ and the transformed expression is . 

(xdx I t I 

-r— T . -log(«» + i) — log(«+ i)+ -tan-'flR. 

tdx 4 2 "S 

-r- — -- — 5- . — log (x + 2) log (a* + I) + -i tan-iiP. 

«*+4«s+5»«+4»+4 25 ''^ ' 25 '^^ ^5 



12. Apply the method of Art 43 to the integration of; 

f I + f )■""•<& 
The transformed expression is - 



. (i-*'>' 



2*»»-I j8« 



(7377- 



Examples. 



S3 



14. By a similar transfonnation, prove that 



(I + z)"»«*-*<«r 



t ax _ fi 

«»(i -»)"•*" J 

'5. - — r^ X- — rlogsm- - -— T log cos - 



» I 



a»-^ 



log (a + ^ cos «).. 



Multiply by sin x» substitute m for cos x^ and the integral becomes. 

t - du 
(I - It') (a + ^y 



16. 



38ma; + 8i 



sinijB 



log sin log cos - + - log (3 + 2 oofl a?). 



• * J a?(i + «• + a:*)' 2 V^'a/s/ 4 V «^ / 



Let «■ = -, &c. 

z 



18. Proyethat 



I dig 
I + »■»• 



= 2i cos ^^ -~ 



COS 
2fl 2» 



log (l - 



20; COS 



(2*- i)v 



m 



+,.) 



+ is Bin (±__i_ tan 
n an 



I a? — cos 

- i)ff J 2n I 



. {2k\-i)7r 
sin ^ 

2» 



where A extends through all integral values from i to «, inclusive^ 



f i 



dm j0g(l+«) I (2^-1),. 

, =— — » — — ■ >j cos " 

»"»+l 2«+I 2«+I 2« 



•— — logl I - 2« COS ^ +a:» > 

4- 1 V 2« + 1 j 



2 -,. (2* -!)«•. , 

+ S sm i— tan-i 

2» + I 29} + I 



a? — cos 



(2A;— i)v 



sm ^ ^ 



When k assumes all integral values from i to n inclusive. 



CHAPTER III. 

INTEGRATION BY SUCCESSIVE REDUCTION. 

48. Oaaes in which sin"* cos** ti?0 is immediaiely Xntegrable. — 

We shall commeDce this Chapter* with the discussion of the 
integral 

J sin**© cos*»0rf0; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. ' 

In the first place it is easily seen that whenever either m or 
n 18 an odd positive integery the expression sin" cos" Odd can 
be immediately integrated. 

For, if n = 2?^ + 1, the integral becomes 

J &in~ cos*^»0 rf0, or J sin«» (cos» 0)'' d (sin 0) ; 

if we assume x ^ sin 0, the integral transforms into 

ja^ii -x'ydx, (i) 

and as, by hypothesis, r is a positive integer, (i - or*)'' can be 
expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
X = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the Integrals discussed in this 
Cliapter do not require the method of suocesuve Beduction : however, since 
other Integrals of the same form require this method, it was not considered 
advisable to separate the discustton into distinct chapters. 



Ccisea in which sin'^O coa^O dO is immediately Integrable. 55 



Ex&MPLES. 



I sin* dB. Ant, — cos 0. 



3. [ coss dO 

3. [ sin' cos' a dB. 
%m^9d9 



a . .^ siii'd 



6. 



I 

I x/sin cos* 

I 



-1 



COfiStf 

v/cos0 ' 

— — • 5^ 1 '- ^ « P 

£ CO8"90+— ^^ COs'ffP. 



3 5 


BOS^O C088 9 


10 S ' 


2 + aCOS . 

COS 9 3 


2 sin' a sin' 9 


3 7 


2 cos- 9 
2 cosi 9. 



49. (2). Again, whenever m-\- nis an even negative integer y 
the expression sin*" cos** dB can be readily integrated. 
For if we assume x = tan 0, we have 

cos = y , sin = , T and dO = —, 

and the expression transforms into 



m-i-n 



(i +aj») » 
Hence, if m + n = - 2^, this becomes 

^ (i + «»)'•-' di, 
a form which is immediately integrable. 



56 Integmtwn by Successive Redmtion. 

lake lor example ^ . 

^ J cos«0 

Let X = tan 9, and we get 

fa/ 2N^ *an»e tan»& ' 
«* (i + a;') cfe, or 4- . 

J 3 5 



Next, to find -r 

J 811 



de 



sin cos* (<' 
Making the same substitution, we obtain 

(i -va^fdx 



J X 



Hence, the value af the proposed integral i» 

+ tan* + log (tan 0). 

4 

Again, to find f -^-y- . 

J sm' cos ff 

^ I + ic^^ dx 
'^ Here the transformed expression is ^^ — —~ — , and ac- 

x^ 

cordingly the value of the proposed integral is 

- tan 9 - 



tani d' 



In many cases it is more convenient to assume x = cot ft 
For example, to find , . ^ . 

dO 
Since (f (cot 0) = — r-m* if cot fl = a?, the transfcwrmed 

integral is 

f/ ^N^ x-o cot'fl 
- (i -\- x^) ax, or - cot . 

The following examples are added for illustration. 



Seduction of sin'' cos^ Odd. 57 



Examples. 

I- I rr-' Aru, 



cos*© 

{ dB ^ tan»0 tan*© 

I. — rs- tan + + . 

J co8«0 3 5 

{ dB tan'0 , ,^ „ 

J am cos* 2 ® ^ 



f 



. - tan' 0. 

costO 3 



dB 8 

8 cot 20 cot? 20. 



^* J sin*© cos* 0' 3 

^- -^-tt; T-;;- 2tan*0( i + \ 

J sm»0cos^0 V 5 y 

"When neither of the preceding methods is applicable, 
the integration of the expression sin"*d cos^Orffl can be ob- 
tained only by aid of successive reduction. 

We proceed to establish the formulas of reduction suitable 
to this case. 

50. FonuiilflB of Keduotion for sin*"0 cos^'defd. 

I 8in"»ecos"erffl« j cos«-^e sin«erf(sine): 

consequently, if we assume 

sin"»*»e 



U = COS""*d, V = 



w + I ' 



the formula for integration by parts (Art. 21), gives 

[8in«»ecos"erfg= ''^'""^''^'"''^ +^?^:-i f sin'^^'Ocos^-^ede. (2) 



58 Integration by Successive Recluction. 

In like manner, if the integral be written in the form 

- [ 8in~-»0 cos»dd(cos fl), 
we obtain 

f 8in"eco8«edfl = ^^?-i f 8in"»-^ e cos^OdO-^^^^^—^^^^. (3) 

It may be observed that this latter formula can be de- 
rived from (2) by substituting 90® - ^ for fl, and interchanging 
the letters m and n, in it. 

51. Caae of one Positive and one Negative Index. — ^The 
results in (2) and (3) hold whether m or n be positive or ne- 
gative : accordingly, let one of them be negative (n suppose), 
and on changing n into - n, formula (3) becomes 

f sin" 6 ,« sin"*" ^0 m- i ( sin"*"* 



J cos"0 



d9 



sm"*"»^ m-i Csm^'^ify^ ^ . 

~ (« - I) cos'*"^ 0~ n- I ] cos'»"*e * ^^ 



in which m and n are supposed to have positive* signs. 

sin"* 

By this formula the integral of 7, d9 is made to de- 

•^ ° cos"0 

pend on another in which the indices of sin and cos are 
each diminished by two. The same method is applicable 
to the new integral and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 48. If m be even, and n even and greater 
than m, the method of Art. 49 is applicable ; if m = n, the 
expression becomes J tan"* dd ; which will be treated sub- 
sequently ; if n < m, the integral reduces to that of sin"*""drffl. 



Again, if w be odd, and > m, the integral reduces to 



dO 



Jcos**""*fl 



* The formulae of reduction employed in practice are indicated by the 
capital letters, A^ B, &c. : and in them the indices m and n are supposed to 
have always positive signs. By this means the formulae will be more easily 
iq»prehended and applied by the student. 



Indices both Positive > 59 

and if n < m, it reduces to I . The mode of find- 

J cos b 

ing these latter integrals will be considered subsequently. 

Aeain, if the index of sin be negative, we get, by 

changing the sign of m in (2), 

/• co8"0 co8''-^0 n- I r oo9"-»g ^ 

Jsin-fl'^ (m-i)sin«-^« i^T^T J sin-""* fl ^* ^^^ 

We shall next consider the case where the indices are both 
positive. 

52. Xndioesbotli Positive. — If sin"*0 (i - cos'0) be written 
instead of 8in~**fl in formula (2), it becomes 



1 



• -/I /I 7/1 cos«"*0 sm****© 
sm^e cos^O d9 = + 



n - 
m 



'r--/»/ -0/1 /»\,/> cos^-'t/sm^^'f/ 

- sm«fl (cos»-2fl - cos«fl) rffl= -f 

I J ^ ^ w + 1 

— fsin«flcos-»erfe-^-^-^' [sin«flcos»fldfl; 



hence, transposing the latter integral to the other side, and 
dividing by , we get 

f • «/i ./1-7/1 COS"-*flsin'»**d n-l{ , ^^ ^^n^n /•Yv 

»m"fl cos"fl dd = + sin'^fl cos»-*fldd. (C) 

In like manner, from (3), we get 

f • ^n niijn ^-^ f • m,/i «/i^/i sin»»-»Ocos»*»fl .^. 

I sin^dcos^flrffl = sm'"-*^ cos"flrffl (D) 

J ra + n] m + n 

By aid of these formulse the integral of sin™ cos" c?fl i» 
made to depend on another in which the index of either 
sin 0y or of cos 0, is reduced by two. By successive ap- ^ 
plication of these formulae, the complete integral can alway» , 
be found when the indices are integers. 



6o Integration by Siu^cessive Reduction. 

53. ^onnulfld or Reduotlon fior An^O dO and COS** e;?0» 
These integrals are evidently cases of the general formulas 
(C) and (Z)); however they are so frequently employed 
that we give the formulas of reduction separately in their case^ 

f «/i ^n sin cos"-^0 n - I f « ,n j/i / x 

cos*»fl rf0= + cos"-*0 dB. (4> 

f • «n,/i cos^ sin«-*0 n - T f . , ,^ .^ , . 

sm'»0rf0 = + ^voJ^'^OdO. (5) 

J n n J 

The former gives, when n is even, 



1 



« /I j/i sin 6 / . w - I , ^ 

CO8*»0rffl = cos""i0 + cos^-'^O 

» \ n - 2 

(n~2) (n-4) / 

, (n-i)(n-3)(n-5)... t 

+ 7 r— 7 (/. ... 

n{n- 2) (w-4) ... 2 



(6> 



Examples. 



cos« dO. 



1. { Bm*dd9, ui«*. -eosof — + |siii0J + |e. 

2. I cos* sin* 9 dO. f —7 ^ Jcos ^ + -7» 

54. Zndicea both negativa.-^It remains to consider the case 
where th^ indices of sin 9 and cos are both negative. 

Writing - m and - n instead of m and n in formula (C7),. 
it becomes 

f d0 -J n-i- I f dO 

\J sin*»Ocos"fl ~ -fw + n) cos"*^flsin'"'*0 m +nj si 



j sin"» cos" im + n) cos" * ^ fl sin*" '^0 m + n J sin"»fl cos"** fr* 



or, transposing and multiplying by 



Indices both Negative, 6i 

tn + n 



n 4- I 
dO I m-^nC dO 



f dO I w-fnf 

J sin"^ C08~*«fl "" (n+ i) cos»^* <( sin"*"* fl '^ n+ ijsii 



sin** cos" 0* 

Again, if we substitute w forn + a in this, it becomes 

dO I 



I 



sin"0 cos" (n- i) cos"*^ sin"*-* fl 
m -f n - 2 f dB 



+ 



n-i J sm*»0 cos"-*fl ^ '^ 



Making a like transformation* in formula D, it becomes 

dO - I 



f 



sin"* cos" (m-i) sin""* fl cos""* 



r»-i Jsin"-»flcos"fl* ^ ^ 



In each of these, one of the indices is reduced by two 
degrees, and consequently by successive applications of the 
formulae, the integrals are reaucible ultimately to Xhose of one 

or other of the forms ji or -: — 7: : these have been already 

cos sm & 

integrated in Art. 17. 

The formulae of reduction for . , ^ and — -7., are so im- 

sm" cos" 

portant that they are added independently, as follows : — 



♦ It may observed that formulso (B), (D) and (jP) can be immediately ob- 
tained from {A)f (C7} and (^, by interchanging the Mtters m and n, and sub- 

stituting instead of 0, For, in this case, sin 0, cos B and dS, transform into 

2 



006 ^, sin and - d^y respectively, &c. 



62 Integration by Successive Seduction. 

C _de sinO n- 2 f dO 

J cos" " (n- i) cos»-^ n - I J CDs'*-* 0' ' ^ 

[ dO - cos n - 2 '( dO .V 

J sm^ " (n - i) sin"-* "^ wTT J sin""* 0' ^^^ 

It may be here observed that since sin'O + cos' 6 = i, we 
have immediately 

f dO _ f dO f dO 

J sin- fl cos»fl J sin"^e cos«fl "^ J sin^ecos^-'^fl ' ^^ 

and a similar process is applicable to the latter integrals. 
This method is often useful in elementary cases. 

Examples. 

f d9 r sm Gd B f d9 i 9 

'• J sin 9 cos« 9 ^ ]~1m^9 "^ JS^""^^"'" ^^^'^^ 1' 



f d9 C sm 9 dO f <fg 

'• Jsmecos*^'' J cos^e ■*" J sin e C08« 9 ' 

and is accordingly immediately integrated by the last. 

J sm' (> cos* 9 3 sm' d smO °l, ^2 a/j 

f dd cos 6?; I, . ^ 

^ J sm' 9 a sm» 2® 2 

re. Integration of tan ^ddd and v. 

•'^ tan" 6 

These integrals may be regarded as cases of the preceding ; 
they can, however, be arrived at in a simpler manner, as fol- 
lows : — 

Since tan*0 = sec* 6 - i, we have 

I tan"« d9m\ tan""* 9 (sec»© - i) d6 -J tan"-« ed(tan 9) 

- J ian^-^ede - ^^ - J tan"-» 9 d9. (9) 



Trigonometrical Transformations. 63 

By aid of this formula we have, at once 



I 



tan"fl dO = + &c. (10) 

n- 1 n-3 w-j '^ 



(i.) Ifn= 2r+ I, the last term is easily seen to be 
(- irioff(co8fl). 

(2). If n = 2r^ the two last terms may be represented 
*>y(-iy*/(tanfl-fl). 

In a similar manner we. have 

Jtan-e J tan"e Jtan«-*e~(n- i) tan«-»e ~J tan^^fl' ^"^ 



I. 1 tan^0<?9. 



^ f 
■• 1 



dO 



dB 



taii>e 



OLX MjH, 


ua» 




Ant. 


3 


tan 9 -)- 0. 




I 


Inm /ai«t A^ 




2taii*e ^"^^ — ' 




- I 


■'.tan.e + l' 




4tan* e 



56. ^higonometiioal Transformations. -7- Many elemen- 
tary integrations are immediately reducible to one or other 
of the preceding formulae of reduction, by aid of the trans- 
formations given in Art. 23. For example, if we assume 

iB^dw 

X =^ a tan 6, the expression ,- transforms into sin"* 

^ (a* + x^)3 

cos*"""' 6 dB (neglecting a constant multiplier). 

In like manner, the substitution of a sm for x transforms 

ardx . , ^"-'•^'sin'-flt^fl , .^ ^ 

the expression 7— — --- into —-j: : ana,ii^=«sec©, 

^ (a»-ar*)5 cos""^ fl 

, . ardx ^ . . ^ cos"— -«edd, , ^ 

the expression 7— transforms into - — ; -^ — (neglect- 

^ (x^-a'fi sin«-»fl ^ ^ 

ing the constant multiplier). 



64 Integration hy Successive Reduction, 

A similar transformation may be applied in other cases ; 
for example to find the integral of -r ■—. 

Let x= 2a sin^ 0, then dx = 4a sin cos dO, 
and the transformed integral is 

accordingly the formula of reduction is the same as that in 

(s)- 



Examples. 



I. 



2. 



3. 



x^dx 



,(I-*2/ 


dx 


«3v^i-«« 


da 


(a3 + x*^' 


x*dx 


(a« + x'^Y 


x^ dx 



An». -i-^ sin-i x - ^'""^ (3 + la^). 
».4 8 



:iogLlL5»v/i-^' 



4 ^ I -l-a; 33^ 

a? 3^ 



a* (a* + ic«)* 3a* (a« + a;2)i' 



(2a« - «')* 



— «' 3 / a; \ 

T"; '.N + - « - « tan-i _ ). 

2 («« + ««) 2 V a / 

- (2aa; - j:2)J f ^ + ^^ + 3a« sin"* J^ 



The integrals considered in this Article admit also of a 
more direct treatment. We shall commence with the fol- 
lowing: — 

sif^ d^ 
57, Caaee in which -. ; is immediately integrable. 

(a + cx^f 

We have seen, in Art. 44, that the proposed expression 
is integrable immediately when m is an odd positive integer. 



Binomial Differentiah, 65 

Again, when m is an even integer, if we assume a + cx^ 
a^ s^ the transformed expression is 

n-m-3 



- (2' - c) ^ dz 

n-m^l n-1 
a "^ Z ^ 



This is immediately integrable when n-m-3 ^'^ even 
and positive, i. e. when m is either an even negative integer^ or 
an even positive integer less than n- i. 



n-3 



dx (2^ - c) ^ dz 

For example ^^becomes - "^ITT"'**** and, ac- 



(a + cx^y fi 2 



z: 



n-l 



cordingly, is always integrable by this transformation, since 
n is an odd integer, by hypothesis. 



Examples. 



c dx J ^ f ^^' \ 

J {a-\^ex*)i' '**■ «« {a + ca;*)* \ ' ~ 3 (a + ca?*) J " 

f x^dx x^ J I ex* ^ 

(i + a;«)5* a* (a + «r'^ ts ~ 5(« + cx»)/* 

I* a' eilr - (2a* + ^*«) 






J ax 
x*{a-\-cx* 



The differentials considered in this Article are cases of a 
more general class, called binomial differentials. 

58. Binomial Differentials. — Expressions of the form 

x^ (a + Ijjc^y dxy 

in which m, w, p denote any numbers, positive, negative, or 
fractional, are called binomial differentials. 

Such expressions can be immediately integrated in two 
cases, which we proceed to determine by transformations 
analogous of the preceding Article. 

F 



66 Int^ratioH by Smete^re Bedmetion. 

(i). Let a -&«• = 2; then jr = f — ^ r 
and 



hence 



■•+i_j 



^^ f i:^\« J (2 - a) " 2' fife 
iif» (a + Jar")' ax = ^^ ^^ 



•1+1 



Consequently whenever is a positive integer^ the 

transformed expression is immediately integrable after ex- 
pansion by the Binomial Theorem. 

(2). Again, if we substitute - for x, the differential be- 

comes 

This is immediately integrable as in the preceding case 

, -Cn» + m+i). ..... . 1 m-¥i 

whenever — is a positive integer ; 1. e. when +p 

is a neaative integer. In this latter case the integration is 
effected by the substitution of z for <m?"" + b. 



Examples. 

.. I r^^. An,. 'OH- »')>(''-'). 



I »»l 
(«-^ 



t. 



J (' + 






J •*(! + 






**)!• 



lir 2x4 






(> + «»)»■ 



Jntegration of ej*"-* x" dx. 67 

When neither of the preceding processes is applicable, the 
expression, if p be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 

59. Reduotion of ^e"^ dc^ dx, 

where n is an integer. 

Integrating by parts we have 

oif^e'^'dx = x'^'^e^dx, (12) 

J m mj ^ 



By successive applications of this formula the integral 
reduces to depend on ^""da?, i. e. on 



^mx 



Again, to find — dx* 






m 



Assuming u = e*"'', v = r— -,> ^^d integrating by 

parts, we have. 



I 



e^dx - e^^ m 



+ 



e'^'^dx 



(13) 



x^ [n- I ) a?""^ ^^ - I . 
By means of this the integral is reduced to depend on 

e'^'^dx 



X 



The value of this integral cannot be obtained in a finite 
form: it however may be exhibited in the shape of an infinite 
series ; for, expanding e^ and integrating each term sepa- 
rately, we have 



1 



e^^dx , mx m^x* m^x^ „ 

' =loffa;+ — + • + + &c. 14) 

X ^ I I . 2* I . 2 . 3» ^ ^^ 

F 2 



68 Integration by Successive Reduction, 

ITie integral oia'af^dx is immediately reducible to the 
preceding, since a*=^^'*". Consequently, by the substitu- 
tion of log « for m in (12) and (13), we obtain the formulse 
of reduction for 



d'af^dx and 






In like manner we have immediately 

\ e''' af^dx ^- e-' a;"4- w | e'^'af-^ dx. (15) 

60. Reduction of J x^ (log xydx* 

Let y = log a?, and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

«*" (log xY dx = ^ ^ ^ xm i\Q„ a;)«-i dx, (16) 

Examples. 

I. [a?ef»*dx. Ana. — /a;3 _ J ^g ^ 3j_a ^ _ 3 « ^ • O 

(«*<&? e* fi I I "J I C^dx 

X* ' 3 \a^ 2 2ic/ 3.2.1 J X ' 

6 1 . Reduction of j a;" cos a^* dx. 



again 



hence 



f , a^ sin aa; n f 

af^ cos axdx= a***"* sm ax dx. 

J a a] 

f , . , ^^""^cosajr ^- 1 f 

a;**-* sm axdx = + a;""* cos e?^ c?a?, 

J rt5 a J ' 



f , a;""* (a sm fla;+w cos aa;) n(w-i)f 

a?" cos oar e/a;- ^^ -' ^— ^ — aiw'cosaarc/^r. 

J a* a' J 



Integratioti of ef^coB^xdx, 69 

The formula of reduction for x^^vaaxdx can be obtained 
in like manner. 

Again, if we substitute y for sin'^ar, the integral 

J (sin'* xf dx 
transforms into 

J y« cos y dy, 

and accordingly can be integrated by the preceding formula. 



Examples. 
{ a^ fiGA X dx. Am. x^ sin ^ + 3«' cos ;e — 3.2 .d;8ina;— 3.2. i . cosx. 

[ a^mn.xdx» 

Ans. — x^ cos X + 4a;' sin d; + 4 . 3 . a:* cos « — 4. 3.2.3? sina? — 4.3.2. i .cos jr. 

62. Bedueticm of J e^ cos^a; dx. 
Integrating by parts, we get 

f , cos"^ ^^ n ( , . , 

e^ cos^a; dx = -k - e"^ cos""*^? sm xdx ; 

J a a J 

again 



I. 



2. 



f , . , ^^cos^'^aJsmiT 

ef"cos*'^x6inxdx = 

J a 

if ^ . o . „ . , ^cos'*"^^ sinu? 

^ (cosmic -(n-i) cos""'*^: sm^^^jflfa: = + 

a] ^ ^ a 

^- ^ 4^^ cos"^* ^ fl?a? — ^ cos" ^ & ; 

a J a j 

substituting and solving for | e*^ cos**a; dXy we get 

I 

n(w- i) 



£?'''cos'*'^a;(fl5cosiP + nsmo?) 
e^^ cos"*r rf;r = ^ + 



a^+ri^ J 



^rtx cos«-2 a: c^. (ly) 



70 Integration by Successive Reduction, 

The form of reduction for ^ sin^a? dx can be obtained in 
like manner. 

63. Reduction of \ cosl^x sin nxdx. 
Integrating by parts, we get 

f . - cos*'^? cos Tior m f 

cos"*ia: sinnadx ^ cos'^'o; cos no; sinxdx: 

J n n } ' 

replacing cos nx sin x by sin nx cos a? - sin (n - i ) ^, after one 
or two simple transformations we get 



j 



, cos** a; cos nx 

cos"'a? sm nxdx = 

m -\- n 



7Yh C 

+ cos"*"^ X sin (w - I ) a; rfbp. (18) 

m + n J ^ 



The formulae of reduction for cos"*^ cos nxdx, and sin^ar 
sin nx dx can be easily found in like manner. 



Examples. 



(«*• sin X 2e** 
&** sin* X dx. Am, r- (a sin « — 2 cos x) + -7 r^ . 



I co8> » si 



3. I cos^ X sm 4^ dx. 



cos^ X cos 4x COB a; . cos 3« cos 22; 



^ f 



«"* C08*« (far. 



6 12 24 

«"* cos a? (2 sin a? — cos x) 2e-* 
5 T* 



64. We shall now return to the discussion of the integrals 
already considered in Arts. 56 & 57 ; and commence with the 

reduction of the expression -^ -r-r. This, as well as other 

^ {a + cx^)h 

formulas of reduction of the same type, is best investigated by 

aid of a previous differentiation. 



Reduction of x^ {a + cx^Y'^dx, 71 

Thus, we have 

-T- {a^* (a + cx^Wi = (m - i^x"^-^ (a + cx^)^ + r— 

dx { ^ ^ ) ^ ^ ^ ^ (a + cx^)h 

_ (m - i) x^^ (a + cx!^) + cx^ 
(a + (j^)i 



(a + (J;»^)i (a -I- ca^)i' 
hence, transposing and integrating, we obtain 

af^^ (a + ca^)i (m- i) a ( x^'^ dx 



f x^dx m^^ {a -v ca^)l {m-i)a ( x 
J (a + caj^)i mc mc J (a 



('9) 



By this formula the integral is reduced to one of lower 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when m is a positive 
mteger. 

The formula (19) evidently holds whether m be positive 
or negative; accordingly, if we change minto - (m - 2), we 
obtain, after transposing and dividing,. 

C dx (a + cx^)^ (m - 2) c r dx 

Jal^(a ^ cx^yi ~ (m - i )ax'^'^ {m-i)a J aj*^» (a + cx^)h' ^ °^ 

65. More generally, we have 

— { ixf^^ (a + cx^)^ } = (m - I ) x^^ (a - cx^Y + 2nca?"* (a + ca;*)"-* 

= (a + ca;*)""' {(m- i)aa;"*"H(w+ 2n- i)^;^"*) 
hence 

\x^ (a + cx^Y^ dx = 7 ^ f- 

J (m + 2^-i)c 

(m - I ) a 



(m+ 2W - I ) <^ 



:r"*-2 (a + ciT^)'*-! cir. (21) 



72 ' Integration by Successive Reduction. 

Hence, when m is positive the integral can be reduced to 
one lower by two degrees. If m be negative, the formula 
can be transformed as in the preceding Article, and the in- 
tegration reduced two degrees. 

We next proceed to consider the case where n is nega- 
tive. 

f x'^dx 

66. Rednotkm of 7 -r-- 

J (a + cj^)" 

m and n being both positive. 

f J?"* da f xdx 

Here 7 -r- = af^^ j — ^. 



■t J f ^^^ 

Let a?"*'^ = w, and -. — = v, 

J (a-\-cx^Y 



^^ -^ ^—^ ^^. = ^^ 



- I 
2 (n- i)c(a + ca:*) 
and we get 

Qif^dx 



{a + cx^Y 2(n 



I ) c/a + c^*)«-' "^ 2(n-i)J C« + CO?*)"''" 



By successive applications of this form the integral admits 
of being reduced to another of a simpler shape. As ob- 
served already, the complete integral cannot be determined 
in general, unless when n is either an integer, or is of thefono 



f 

- where r is an integer. 



[oTdx 

67. Reduction of -. ; -r\. 

J (a ^- 2bx ^ cx^)t 

By differentiation, we have 

— [x"^-^ (a + 2bx -f cx'^yi] = (w - 1 ) x"^-^ (a + 26^ + ca;*)i 

ixT'^ {b + ex) (m- i)ax^'^ + (2m- i ) &a?^ ~^ -f wcaf , 

(a + 2bx + <?^^)i (a + 26a? + ca?')i 



hence 



J (a 



Reduction of =-t -— • 7 3 

*^ (a + 26a; + car*)4 '^ 

a?"* dx x^~^ {a + 26a; + cx^)^ 



+ 2bx + car*)i mc 

_(2m-i)^f a;"»-*fl^ (m-i)af x^'^dx . . 

mc J (a + 26aj+car*)i mc J (a + 26a! + cx^)^ 

This furnishes the formula of reduction for this case : by 
successive applications, the integral depends ultimately on 
those of 

xdx . dx 

and 



(a + 2^3? + ca?*)i (a + 26a; + car*)* 

These have been determined already in Arts. 9 and 12. 

Again, the integral of — ■: ; —r can be reduced 

^ ^ aj"* (a + 2te + ca:*)i 

to the preceding form by making a? = -. 

s 

68. The more general integral 

af^dx 
(a + 26a: + cx^)"^' 

admits of being treated in like manner. 

For ifa+ 26a; + ca;^ be represented by T, we have, by 
differentiation, 

j^/g^ix (m-i)a?**"' 2(n- i)a?'^*(6 + ca?) 

(m - I ) a?'"** (a + 26a? + cx ^) - 2 (n ~ r ) a:"*"* (6 + ex) 
(wi - I ) oa^"* 26 (m - n) a5"*"^ (2n - m - i ) ca?™ 

Hence, we get the formula of reduction 

cx'^dx _ -a?"»-* 2 (m - n)6 ja?"*"^ dx 

J r» " (2/i-w-i)(? r»-i ^ (2n-m-i)c J r~ 

(m - i)a fa^'^efo 
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By aid of this, the integral of , when m is a positive 

us dx don 

integer, is made to depend on those of -=^ and — . Again, it 

is easily seen that the integral of -=jp is reduced to that of -p=^ : 

for 

(xdx I ({b + cx)dx b cdx 

- I b ^dx . 

" (2(n-i)cr«-» " c J r»* ^^^^ 

69. In order to reduce I -=-^y we have 
dfb+tx\ c 2n(b-hcxy 



dj:\ T 



cx\ c 

~ j J^n 



c 2n (ac - ¥) 2nc 2n (ac-b^) ( 2W - 1 ) c 



jj f ^ _ ^ + ca: (2n - i) c edx 

By aid of this formula of reduction the integral of — can 
be found, whenever n is an integer, or when it is of the form 
-, (r being an integer). 

f dx 
70 Xteduotion of z r- , 

' J (a + 6 COS xY 

when n is a positive integer. 

T . 7-r 1 1 dJJ . . U-a 

Let u = a + bcosx. then-; — =-osinx, cos ^ = — ; — . 

dx b 



dtJtj 
Reduction of ; r-. 7r 



Then, by differentiation, we have 

d Jsin x\ ^ cos x {n- i)h sin*^ 
dx [U^] " 1p^ '^. V^ 



cos a; (w-i)6 (n-i)6cos^4? 

TT — n 

substitute — r — for cos ^ in the numerators of these fractions, 



and we get 

d i^mx\ I a {n-i)h n-i 2{n - i) a 

dx\U^)l>lP^'~VU^^'^ W" TW^^ "^ b U'"' 

(n-i)a^ ^-(n - 2) (2^-3)0 (n-i)(a*-6^) 



Hence, transposing and integrating, we get 

dx 



(dx - b^iiLX ( 2w - 3) fl f 

J F"** " {n-i)(a^-b'')U'^' ^ (w-i)(a2-6*) J 



n - 2 



(w- i)(a*-62) 



j^,. (27) 



By this formula the proposed integral can be reduced to 
depend on 

da^ 

a +b cos x^ 

the value of which has been found in Art. 1 8. 

71. The integral considered in the last Article can also 
be found by aid of a transformation, as follows : 

dx dx 



(a ^ b cos a?)" 



!X . Xl^ 

(a H- b) cos^- + (a-b) sin-- 
' 2 ^ ^ 2) 

dx 



X .. . „^'" 



A cos^- + B^m^- 
2 2 



yd Integration by Successive Reduction. 

1 1 +tan'-j dx 



A + B tan* 



(where -4 = a + 6, ^ = a - 6). 



f)' 



Next, assume tan - = J— tan 0, then 
( I + tan* -jdx = 2 / p (i + tan* 0) ^^ • and we get 

i+tan*-) dx \A \^ +"p*an*0' rf^ 

^ + ^tan«-^ ^ 



(B cos*^ + ^ 8in*^)"-^c/0 

Hence, replacing A and jB by a + 6 and a - ^, we get 

r ^ _ r(a-6cos 20)**"*^^ 

J (aTTcosT)'* " ^ J (a* - h'^Y'^ ' ^ ' 

When n is a positive integer, the integral at the right- 
hand side can be found by expanding (a - 6 cos 2^)'*"S and 
integrating each term separately by formula (4). 

f(x) dx 

72. Integration of *^ ^ ^ 



0(^) A/a + 2bx^cx^ 

We shall conclude this chapter with the discussion of the 
above form, where /(a;) and ^ {x) are supposed rational alge- 
braic functions of x. 



_ _ . f(x)dx 

Integration of . 77 

ip{x)v a + 2bx + cx^ 

If f{x) be of higher dimensions than (iu), the fraction 
may be written in the form 



(^) («/ 

Again, since Q is of the form p + qx+rx'^^- &c. the integra- 

tion of — — can be found by the method of Art. 67. 

The fraction — ^ can be decomposed by the method of 

partial fractions (Chap. II.). To any root, a, which is not a 

A 

multiple root, corresponds a term of the form : and the 

X - a 

corresponding term in the expression under discussion is 

Adx 



(x - a) V a+ 2bx+ cx^ ' 



the method of integration of this has been given in Art. 13. 
Next. To a multiple root correspond terms of the form 

Bdx 



(x - aY V a + zbx + cx"^ 

This is reducible to the form of Art. 67, on making 
X - a = —. Again, to a pair of imaginary roots corresponds 
an expression of the form 

(JLx -\- m) dx 
[{x-af ^-Q^] V^ a + 2bx -\- caf 

If 2 be substituted for aj - a, the transformed expression 
may be written 

(Lz + M) dz 
(2=* + fi"") VA + 2JBs + Cz" 
where X, Jf, -4, JB, (7, are constants. 
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To integrate this form ; assume* -? = j3 tan (0 + y), where 
is a new variable, and 7 an arbitrary constant, and the 
transformed expression is 

\Lfi9m(e-^y)-^Mcos(e + y)]de ^____ 



(i VA cos^ (e + 7) + 2 J?i3 cos (fl + 7) sin (tf + 7) + (7/3» sin* (8+7 

Again, the expression under the square root is easily 
transformed into 

= ^\A+Cp^-\- cos 26 {{A- Cfi^) cos 27 + 2^8/3 sin 27 \ 

+ sin 2O {2^^ cos 27 - (-4 - (7/3*) sin 27) . 

Moreover, since 7 is perfectly arbitrary, it may be assumed 
so as to satisfy the equation 

25/3 COS 27 - (-4 - C/3^) sin 27 = o, or tan 27 = . _ JZ^^ : 

and consequently the proposed expression is reducible to the 
form 

(i:^co3e + jif^sine)c?fl 

\/P + Q cos 20 
(in which i', Jf, P and Q are constants), or 

L'd{sin0) Medicos 0) 



y/P+Q' 2Q sin*(9 \/p - Q + 2Q cos*0' 
each of which is immediately integrable. 



* For this simple method of determinlDg the integral in question I am in- 
debted to Mr. Oathcart. 
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Examples. 



I. I co&^Bsin 29 d9, 

2. [ oji^ecos^ede. 

3- [ aifi9coa^9d0. 

f coB^9d9 
J aji.9 



Ana, - QOB^9. 
5 



sin'© sin* 9 



1 f 2 
7- < cos 20 008*20 + 

^4 I 3 5 



-CO8*20 >, 
5 J 



CO8*0^ 



Icoe 



i. f . 



^ 



+ a!«)5' 



C08»© « , /. ^\ 
+ cos + log I tan - j. 



(eos»0.?cos0)^-^^logtan(?) 

(1:2 ^4 + 4^. + , \ 
\5.3 3 /(I 



d; 



7- [ fl?»»»-i(a + bx^ydx. 



+ aJ»)J 



(a + ^g«)p^t {(jg+ i) *««- a} 
«(p+ i)Cp + 2)^ 



%. 



I e~* cos'* <fo. — < 3 (sin a; - cos x) + cos^a? (3 sin a;- cos ar) > 



If f. 

J 81 



d9 



sin"» 9 C08»» 8in"»-i cos"-* 



+ -B 



s 



dB 



sin"»-2© cos"©' 



determine the values of A and S by di£ferentiation. 



10. 



(«a - a^)dx 



J («* + 



II 



f sm»gtfg 
J (1 + cos 9)% 



9 

Am. 2 tan2 — 9, 

2 



fsin*" 9 d9 r sin*" ^0 
rrr- transforms into 2*"-'»*> l — , 
(l + COS0)« Jco8«»-''»V' 

^liere 9 =» 20. 
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dx 



"■ l(Tr 



b cos J)' 



- * sin » 2a , r / * — * \* *1 

^^- (a«-^)(a + ^C08x) + (;i^3y)i^"^^rr^) ^^-^' 

J (5 + 4CO8 0)« 9 5 -^4 cosy 27 \ 3 / 

1 5 I (sin"! xydx^x {(sin-* x)* — 4. 3 . (sin-* a;)* + 4. 3. 2. i } 



+ 4\/i — x*an-^ X {(sin-* a;)' - 3.2}. 

f CcoR x^ dx 
16. Prove by Art. 70, that any ezpression of the form r ; r- is ca- 

pable of being integrated when /(cos x^ consists of integral powers of cos x. 
i*j. Show, in like manner, that the expression 

/(cos ar, sin x) dx 
{a ■\- b cos aj)» * 

can be integrated when /(cos x, sin x) consists only of integral powers of cos x 
and sin x. • 



J a + bx+ (XT 



•find the values of P, Q, and JR. 

C dO (a + 6) (ff - *) sin 20 

'^* J {a COS20 -h * sin«0)2* (a^)i "^ 2 (a*)i * 

where tan « /- tan 9. 

20. The formula of reduction in (24) fails when m-m—i; show how to 
perform the integration in this case. 



( 8i ) 



CHAPTER IV. 

INTEGRATION BY RATIONALIZATION. 

73. Integration of Monomials. — If an algebraic expression 
contain fractional powers of the variable x, it can evidently 
be rendered rational, by assuming x = z^ ; where n is the least 
common multiple of the denominators of the several fractional 
powers. By this means the integration of such expressions 
IS reduced to that of rational functions. 
For example, to find 

:^)dx 



( (i + xi 

J I + 



Let X = *r*, and the transformed expression is 

z) dz 



J I + 



z^ 



Consequently the value of the integral is 

A.X^ 

— + 2xh - 4iri + 4 tan~^ (x^) - 2 log (i + x^). 

Again, any algebraic expression containing integral powers 
of a* along with irrational powers of an expression of the form 
^ + bx, is immediately reduced to the preceding, by the sub- 
stitution of 2: for a 4 bx. 



Examples. 

f x*dx 2\/x- I 

J \/ X — I 5*7 

r xdx 2^ (jia + bx) 

J (a + bx)^' " ** v/a + 6a? ' 



f dx 2 / z\/ ar- 1 



G 
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74. Rationali«atiim of F(x, \/a + 2hx + cx^) dx. It has 
be^n observed (Art. 28), that the integration, in a finite form, 
of irrational expressions containing powers of a? beyond the se- 
cond, is in general impossible, without introducing new trans- 
cendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function contain- 
ing a single radical of the form \/a + 2bx 4- c^S where a, ft, c, 
are any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Reduction (Art. 72). We shall discuss them here 
by the method of rationalization. 

The expression* --j-i , can be made ra- 

<^{x) y/a + 2bx + cc^ 

tional in several ways ; which we propose to consider in 

order. 

(i). Assume v a + 2^ + car* = 2 - a? \/c. • (i) 

Then a-\^2bx = z"*- zxzVcy .*. bda^zdz-^c (xdz-\- zdx)^ 

or clx (b + z v^ c ) = dz (z - X \/ c) = dzva + 2bX' + cx^. 

dx dz 



va + 2bx -'t cx'^ J + zvc 



(2) 



2* - a 



Also X = —jz ^. (\\ 

This substitution obviously renders the proposed expres- 
sion rational ; and its integration is reducible to the class con- 
sidered in Chapter II. 



• It will be shown subsequently that the integration of all expressions o( 
the form 

F(Xy \/a^ 2bx + ex*) dx 

is reducible to that of the above : when i^'is a rational algebraic function. 

It may also be observed that the most expeditious method of integration in 
practice is that of successive Reduction (Arts. 67, 68). 
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When 6 = o, we get 

dx dz , «*-a A^ \ 

_, — =, and X = — — (see Art. 9). 

V a + «?* z)/c 2ZVC 

By aid of the preceding substitution the expression 

y , ■ ==: (Art. 13), 

(^ + jp) V a + 2bx -f car* 

transforms into 



z^ + 2zjpV^c - a + 2pb 

dx 

2 



For example, to find I ^- 

J (a + fix) -/ 1 + a?3 



_ z^-i . dx 2dz 

Here, x = , and 



22 (a + j8x) V I + a^ /3«' + 2ag - j3' 



-I 



When the coefficient c is negative, the preceding method 
introduces imaginaries ; we proceed to other transformations 
to which this objection does not apply. 



(2). Assume* y/a + 2hx + cx^ = \/a + xz. {4) 

Squaring both sides, we get immediately 

2b + ex - 2z\/a 4 xz\ 

/. <&?(<?- z^) = 2& ( v^a + xz) = 2cfs v^a + 264? + ex\ 

__ dx 2dz f . 

Hence — == = ;• (5J 

v/a + 26^ + ca;* ^ ~ ^ 



• Tliis is reducibk to the preceding, by changing « into -, and then em* 

ploying the fonner transformation. 

G 2 
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And ^^ 2(gV^~6) . (6) 



c - 2' 



This substitution also evidently renders the proposed ex- 
pression rational, provided a be positive. 
For example, to find 



1 



dx 



Assume V \-x^^ i + ars, and we get 

f /^ = f^^ = log. ^logf^-^^. 

(3). Again, when the roots of a + 260? + ca^ are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
either of the form 

^/c (X - a) (x- /3), or y/c (x - a) (/3 - x), 

according as the coefficient of x^ is positive or negative. 

In the former case, assume v aj - a = 2 vx - /3, and we 
get 

^ = -— ; hence x - p = 



Accordingly 

dx dx 2 dz 



In the latter case, let vx - a = s \/jy - ir, and we get 

a + /32' 



(7) 



a; = 



I + 2' 



, tte 2 cfe ,qx 

and > . ,^ -^ e —7= ;. {pj 

Vc{x-a) (/3-fl?) /c I + «• 
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For example, the integral 



I 



dx 



(a + fix)^i - x* 
transforms into 

idz 



I 



(a + /3) S^ 4- o - /a' 

on makinff x = . 

The student can compare this method of integrating the 
preceding example with that of Art. 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the forego- 
ing methods, it is advisable that the student should in each 
case select whatever method avoids the introduction of 
imaffinaries. 

fbus, as already observed, the first should only be em- 
ployed when c is positive : in like manner, the second re- 
quires a to be positive : and the third, that the roots be reah 

It is easily seen that when a and c are both negative, the 
roots must be real ; for, the expression 

v^- a + 2bx - cx^ or \/6* - ac - {ex - hf 

18 imaginary for all real values of a?, unless h^ - ac is positive : 
1. e. unless the roots are real. 

Accordingly thei third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that the ex- 
pression 

F{Xj \/a + ^hx + cx^) dx 

can be always rationalized ; F denoting a rational algebraic 
function of x and of \/a -\- 2bx + cx^, 

Examples. 



r. f ^^ Am,--^r Vl^ilzy LT * 

J(a + 3a;) v/4 - «'* ' 2 v/2 °^ v^4 + 2« ^ y 2 - X 

r dx 

J (a'^ + ««)* + a?)i' 
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Af 8ume s = (a> i «>> + «, and we get for the valma o£ the proposed integni 



- «t J. 



4. [**{(«« + «»)» + «}»<&:. 
Making the same assiunption as in £z. 2, the transformed expression is 

(,t-ol)ii»(flt4.|{t)^ 

which is immediately integrable when m is 9kp99itw$ integer. 

^' ] {(I +«*)»-•}* a(«+0 **" »(»-!) ' 

f dx 

J ax + ft y/a + «B» 

75. Oeneral Investigation. — The following more general 
investigation of the preceding may be worthy of the notice 
of the student. 

Let M denote the quadratic expression a -^ ibx -f ca^ ; 
then, since^the even powers of ^Ji are rational, and the odd 
contain \/i2 as a factor, any rational algebraic function of x 
and oi\/R can evidently be reduced to the form 

where P, Q, P\ Q' are rational algebraic functions of af. 

On multiplying the numerator and denominator of this 
fraction by the complementary surd P' - Q! ^/H, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

^^fU^i./^ ^f and JV are rational functions 
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The integration oi Mdx is effected by the method of Chap- 
ter II. 

Also f" /^- '•-^^'^'^ 



fiV -/£<*»= [ 



'which is pf the form 

/W doc 

(a?) va + 2bx + cx^ 






Let as before -/a + 2bx + cx^ = V^c{x- a) {x - fi), and 
substitute rr-. ^-^ ;— instead of x, when the radical be- 



comes 



V + 2^'a + v'«* 

(9) 

Again, if the quadratic factors under this radical be made 
each a perfect square, the expression obviously becomes 
rational. 

The simplest method of fulfilling these conditions is, by 
reducing one factor to a constant, and the other to the term 
containing z^. 

Accordingly, let 

X - aX^ = 0, lA - aix' = Oy jj, - fiiuL^ = o, 1/ - /3i/' = o ; 
or /i = o, /a' = o, X = aX\ v = j3i/^. 

On making these substitutions the expression (9) becomes 

VTV^^ ' A' +. v'z* 

In order that v - cX'v' should be real, X' and v' must 
have opposite signs, when c is positive ; and the same sign 
when c is negative. 
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It is also easily seen that without loss* of generality we 
may assume A^ = i, and v^ = ± i. 

Hence, when c is positive, we set x = ^— , and when 

° I - z» 

a + fls* 
c IS neffative, x = ^ — . 

These agree with the third transformation in the preceding 
Article. 

More generally, when the factors in (9) are each squares, 
we must have 

(^ - afiy - (A - aAO (v - avO = O, 

or ^2- Av + (Ai;' + vX - 2fifi') a + (fi*-XV) a* = o. (10) 

and a similar equation with /3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2ba + Ca^ = o. 

Accordingly ( I o) is satisfied if we assume the constants A, 
ju, &c., so as to satisfy the equations 

jii* - Av = a, Xv + Av' - 2fjLijf « lb, fi'^ - AV = c, (11) 

Again, solving for z from the equation 

X (\' + 2/x's + v'z^) = A + 2JJLZ + v2*, (12) 

we obtain 



(v-xi;')z + )u-V= v/iii'-Ai; + (Ai;'+AV-2/>iiuOa:+(/*-AV)a;« 



= V^a + ibx + ciP^ (13) 



» For the substitution of y^ for — - transforms 

A. 



V + p'z 



'«« 



into 



'■ — , .*. &c. 
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Also, by differentiation, we get from (12), 

(A' + 2/ji'z + v'z^) dr = 2 {/i+ v2 - a?(/i' + v^z)\ dz 

^ = 2\/tt + zbx + cx^dz. 

dx 2dz 



\/a + 26a: + cx^ A' + 2ju'2 + i/'s** 



(14) 



Now, since we have but three equations (11) connecting 
A, /Lc, &c. ; they can be satisfied in an indefinite number of 
-ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(i). Let a be positive, and we may assume i; = o, and 
^^ == o ; this gives 

u = -v/a, \v^ = 26, AV = - c. 

Again, without loss of generality, we may assume v' = - i , 
which gives 

A = - 2ft, A' = c ; whence x = iCf^i^^^i), 



c - 2' 



d» 2dz 

and 



V a + 2bx + cd/* ^ ~ 2' 

These agree with the results in (5) and (6). 

(2). In like manner if c be positive, we may assume 

v' = o, /I = o, and v' = i, 
which gives 

^' = Vc, A = - a, and A' =26. 
/. X = rr- and 



2 {b + zVc) V a + ihx + cx^ A + s V^c ' 

as in (2) and (3). 

It may be observed that since these results do not contain 
the roots a and j3, they hold whether these roots be real or 
imaginary ; as already shown in Art. 74. 
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It if easily seen that if we make /u = o and fi^ = o, we get 
the third transformation. 

76* If the expression to be integrated be of the form 



Va+2&c + cx» 



where /(jp) is a rational aigebraic function of x, it is often 
more convenient to proceed as follows : — 

The substitution of 2 — for x transforms the proposed 
into 



4-^.) 



dz 



where a' = 



^ a' ^ cs?^ 
ac - b* 



c 



If the even and odd powers be separated in the expansion 
of /( 2 — 1, it can plainly be written in the form 

^ (2^) -i-zxp (z% 

and the proposed integral becomes 

(l>(z^)dz Cz\P(z^)dz 



r 0(2«)rf2 Cz\p{z^)dz 
J >/ a' ^cz^ J y/a' ■\-cz'' 



The former of these is rationalized (Art. 25), by making 

V a' + 6'2* = yz^ and the latter by making >/ a' + cz^ = y. 
It may be observed that in general the expression 

/(^) dx 



^M v^a + cx' 
is also evidently made rational by the transformation 

y/a + CX» - XJ/. 
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77. Case of a Reourrinff Biquadratic under the Radical 

I. — As the solution of a recurring equation of the 
fourth degree is immediately reducible to that of a quadratic, 
it is natural to consider in what cases an Elliptic Integral 
(Art. 28) in which the biquadratic under the radical sivrn is 
recurring, is reducible by the corretsponding substitution. 

Writmg the expression in the form 

^lx)dx 6 (x) dx 

/ ■ ■ . , or 

\/a + 26aj + ca:'+ ^b^-vaar 

X 



and, assuming^ +- = 2, the radical becomes \/a2*+ 262+0-20 : 

X 

and also — \x — \^ dz, 

X \ xl 

Conseijuently, in order that the transformed equation 
should be of the required type, it is obvious that (x) must 
be reducible to the form 

fix -^-]{x --]dx 

In this case \ ^/ V ^^ 

v^a + 2bx + ca^ + 2ba^ + ox* 

f{z) dz 
transforms into . , 

V 02' T 2bz-\- c - 2a 

In like manner, the expression 

\/a + 2bx + CS? - 26a;' + a«* 

f (z^ dz 
transforms into y » ^J *^^ assumption 

Vaz^ - 2bz -k- 2a - c 

I 

x = 2. 

X 

When 6 = 0, the expression can in some cases be reduced 
by assuming 

a;' + -- = s, or X* r = z* 

x^ X 
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Examples. 

^ f(»--0<to ^«. log i±£±^^l±£.. 

4. ffi?^^ ,. -i-log y/TT^^yi 

This and the preceding were given by Eulor (CaL Int. Tom. 4) : the con- 
nexion, howeyer, of their solution with the method of recurring equations doe^ 
not appear to have been pointed out by him. 



Let «• + __ = 2. 



a; 



^#i«. ^ log \/^ + aa; + I + l/a:* 4 A3a; -»■ 1 



a; 



7. ^^ 7 ^ ^w«. sin-M I 

J (I + ««) 1/ I +a;« + a* V * + a;^ y 
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Examples. 






Assume a; = (i + x^)^ sin 0, &c. 



f ^ • .» 8«i"'( ^^ iV 



xdx 



(xax 
(I +a:)* + (i+a;)»' 

Assume i 4- « = ss°. 

• J (i-x*)(i + a?*)** 



4^ 2 I - «« 4v/a a; \/ 2 

f(i + «*)rfaf . a; 

8. f(i±?5i^ . -L.io^f A/rT^-f.y2 V ,!_,,,■, .yi 

J I — g* dx 
I + oa: + « ^i + ax + bx* + aar^ + a?** 



I — a^x"^ dx 

y/l + 2CX* + d^x^ 



{I — a*a:» ax 






„ ■ ^ sin-' ( V^^(^-^) \, when 

v/i {a- e) V I + a2x» / 



ax. 
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Examples. 



J »-«' -v/i+a^ V^2 i-af2 

This and the preceding were given by Euler (Cal. Int. Tom. 4) : the con" 
nexion, however, of their solution with the method of recurring equations doe^ 
not appear to have been pointed out by him. 

Let «« + __ = 2. 

6. f ^ (-•-'>'^'' 



a; 



^«*. a log \/^' + ga; + iH- \/a;' 4 a^x ^ i 



X 



7* I r — . -4fw. 8in-M }. 
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Examples. 

Assume a; = (i + ar^)^ sin 0, &o. 

4. [ . „ sin-M \ 



xdx 



fxax 
(I + -r)» + (I + a?)»* 

Assume i 4- x = ss°. 

• J (I -**)(! + a?*)** 



Ans. -^_ log 0^^)*^^v^^ ^ -i- tan- ^i±fi^*. 
4V 2 I — «» 4v* a? \/ 2 



7. fli±^^. ^«,.— ^. 

(I — ar' rf« 

I + a« + « y^i + oa? + *a?« + oa:* + a?** 



I — a*s^ dx 

-v/i + 2{»* + a^a:* 



1 1 - a'sfl *p 

I + a*si^ */i + 2ca:* + 



^fw. ' log ^\/»(<^-^)+^/^-^^g^» + «*^^ , when e > a. 



„ ^ sin-' ( ^/^C^-^) \, when 

y/i (a - <r) V i + (|9ar» / 



a> e. 
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CHAPTER V. 

MISCl^LAVEOUS EXAMPLES OF INTEGBATION. 

[A cos ^ + J5 sin ^ + C)dx 



a cos X + bsinx + c 



Let a cos x •¥ b sinx -^ c =tu then - a sin a; + 6 cos x = -r-. 

dx 

Now assume 

A cos « + J5 sin « + C = Aw + u -7- + v, 

and equating coeflGicients we have 

-4 = Aa + /Lc6, B = \b - fuia^ C -Xc-¥ r* 
Solving for A, /n, v, we get 

Aa + Bb Ab-Ba ^ (Aa-¥Bb)c 

„ f (-4co8« + J5sin4?+(7) fife (Aa-¥Bb)x 

flence 1 =— : = — r-^- 

J a cos X + b amx -¥ c a* + o* 

Ab-Ba, . 1 • \ 

+ — - — r-- loff (acos X + ^sinar + <?) 

(aHy)C-(^a+^6)c f cfe 

a* + 6'- J a cos jr + 6 sin a: + c' 

The latter integral can be readily found ; for, if we make 
« = r cos a^ b = r sin a, we get 

acosx+b sinir=r(cosirco8a+sina:sina)-r cos(a;-a). 
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On making x - a = 0, the integral reduces to the form con- 
sidered in Art. 18. 

As a simple example, let us take 



I 



(A -h B tan x) da 



Here 



a -¥ b tan x 
A-hB tan x A cos x + Bsinx 



a + b tan^ a cos x + bsinx 
and we evidently have 

C (A+BtSLnx)dx (Aa+Bb)x Ab-Ba. , , . v 

1 ; =-^ 5 r- + r— lOff (aCOS 4? + SmiP). 

J a+6tanaj a^ + 6» a« + 6» ^^ ^ 

/(cos X, sin .x) dx 
70. Integration of -^^^ ;— ; ; 

a cos oj + sm a; + c 

where / is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume « = 6 4 a, and the 
expression becomes of the form 

^ (cos 0, sin 0) d% 
A cos 6 + -B 

Again, since sin*6 = i - cos^O, any integral function of sin Q 
and cos can be transformed into another of the shape 

01 (cos 0) + sin 6 02 (cos 0). 

Accordingly, the proposed expression is reducible to 

01 (cos 0) d0 0a (cos 0) sin Odd 
^ cos 61 + 5 ^ cos 6 + 5 

The latter is immediately integrable, by assuming 

A cos + 5 = s. 

To integrate the former, we divide by A cos + B, and 
integrate each term separately. 
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80. Integration of 

f(cosx)dx 



(aj + 61 cos x) (02 + h cos a?) . . . . (a« + 6n cos x) 

where/, as before, denotes a rational algebraic function. 
Substitute z for cos a?, and decompose 



(ax + hiz) (02 + 63S) ....(««+ bnz) 

by the method of partial fractions : then the expression to b» * 
• integrated reduces to the sum of a number of terms of the for ^ 

dx 



A + B cos x^ 
each of which can be immediately integrated. 

Examples. 



X 

tan - 



r. Am, — log r— - — ten-* I /. 

cosar (5 4-30080:) 10 \i— sin a?/ 10 \ 2 / 



dx 



2. 



[ . , , r -X, when a>h. 

J 8in*a;(a + ocosa;) 

i — a cos a? i* /* j.y,««o^' 



/ 6 +■ <l COS a? \ 



J<fo tan a: *. ^ /tt a;\ i*f 
— 1—7 — -T r. ,> + -xlogtan - +- +- 
cos'a; (a + cos a;) a a* \ 4 2 / «* J « + 



^ 



^ cos x' 

8 1 . Integration of lf{x) + /(ar) ) ^ c?ir. 

The expression e'Pdx is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let ^=/(^)+/W, 

then J e'Pdx = J e'f(x) dx+ je'f (x) dx. 
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Again, integrating by parts, 

i(ff{x) dx -/(^) «* - Je*/ (x) dx. 
Accordingly 

For instance, to find 



I e* ^ n dx. 



X 

(i Txy 



Here ' 



(i + a?)' I + a? (i + a?)* 
and consequently the value of the proposed is . 

\ "T X 



ti + a; log a; , , 

#■ 2- <fe. ,, 0*logd;. 

I««+ I ^ «-i 



I ' (f^T- 



82. DUBBrentiation under the Sign of fntegration. — The in- 
te^al of any expression of the form ^ (a;, a) dx^ where a is 
inaependent of a?, is obviously a function of a as well as of x. 

Suppose the integral to be denoted by F{x^ a), i. e. let 

then ^ \F{x, a)) = ^ («, o). 
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Again, differentiating both sides with respect to a, we have, 
since x and a are independent, 

d} . F[x, a) d.^ [x, a) 
dadx da 

or (Art. 117, Dif. CaL), 

d (d . F{Xi a)\ d.t^ (x^ a) 



dx\ da J da ' 

Consequently, integrating with respect to x^ we get 

d . F(x, a) ^ f rf.^(j:, g) ^ 
da i da 

U.|;j»(...)^.j^'U (0 

In other words, if 

w = J ^ (a?, a) efo, 



then 



du ^ (dift, 
da J da ' 



provided a be independent of 4;, in which case, accordingly, it 
is permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 

dH^ _ [ d**0 (a?, a) 



\ii^^ w 



where u^\^{x^a)dx^a being independent of «. 

For example, if the equation 

f ^ 

e^dx^ — , 
J a 
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3 differentiated n times with respect to a, we get 



1*"^'^-(0(t) 



(* -^ (^)- 



«*»*« + 



See Arts. 48, 59, Dif. Cal.). 

Again, in Art. 21 we have seen that 

f . , e^iasinrnx-m cos ma) 

I e*»* sin m^rao? = 5 . 

J m^ + or 

Accordingly 

f . , f dY fe!^(asmmX'-fncosmx)\ 

I ^e«*smwM?(M? »( -7-1 • I — ^^ :; : • 

J \daj \ m^ + a^ J 

We now proceed to consider the inverse process, the ap- 
licadon of integration under the sign of integration. 

83- Xntegratloii imdar the Sign of Integration. — If in the 
ist Article we suppose ^ (ar, a) to be the derived with respect 
3 a of another function v, i. e. 

, \ dv 

hen V « J ^ (^, a) da. 

Also by the preceding Article we have 

— ( Vvdx\ =\ j-da- ^ (a:, a) c& = F(x^ a). 

Hence I vd(P « I F(x, a) da. 

In other words, if 

F(Xf a) « (^, a) c&, 
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then I F{x^ a)c?a = I 1[J^ {x^ a)da\ dx. (3) 

It may be remarked that the results established in this and 
the preceding Article are chiefly of importance in connexion 
with definite integrals. Some examples of such application 
will be given in the next chapter. 

84* Integration by Infinite Series. — It has been already 
t>bserved that in most cases we fail in exhibiting the integral 
of any proposed expression in finite terms. In such cases we 
can often represent the integral in the form of an infinite 
series. 

An example of an integral exhibited in such a form 
has been given in Art. 59. 

The simjjlest mode of seeking the integral of/ (a?) dx in the 
form of an infinite series, consists in expanding /(x) in a 
series of ascending powers of x^ and integrating each term 
separately : then if the series be converg^ent, it represents the 
integral propesed. , ^ 

it can be easily seen that if the expansion of/ (a;) be a con- 
vergent series, that of J* f{x) dx is also convergent, 

Tor let 

f(x) = flo + (^ix + 02^ + . . . anflf + &C., 
then 



I f{x) dx = a^-\- '^— + 



7 n+ 1 



Now (Dif. Cal, Art. 71), the expansion for /(a?) is con- 
vergent, provided that — is less than unity, for all values 
of n beyond a certain number ; and the latter series is con- 
vergent provided — be less than unity, under the same 

n + 1 an.1 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Examples. 

^i _ «6 I 26 2.4 II 2.4. 6 16 

r ifo^ / I 8in>j? ,1.3 sin^ar \ 

J t/sina? ^ V a 5 2.4 9 y 

^ ' \»i 2 m+« I . 2 .^ m-f 2n. / 

85. Sxpamdon of J log (i + 2m COS x + vnf^dx^ 

We shall conclude by showing that the integral 

J l®g (i + 2m cos aj + m')efo? 

an be exhibited in the form of an infinite series.. 
For, we have 

I + 2mcosa?+m? = (i + mie*^""^) (i + mr*''-^). 
lence 
log ( I + 2m cos 0? + m*) = log ( i + wi^^" ^). + log ( i + me-'^^> 



,-,v m^ — 



= m (e^^-^ + e-*'-') (6**^-> + «-«^^-0 + &c. 

/ m^ m' - \ 

= 2 m cos a? cos 2^ + — cos 3a: + &c. )• 

V ^ 3 "^ / 

Accordingly 

', ^ a.x 7. / • , sin 2a? sin Q^ \ 

log(i+2mcos4?+m-^)aa; = 2(msina;-m* — j— +m' — ~ — ...r 

(4> 

This series becomea divergent wlien m is greater than 
kinity : in that case the corresponding series can however be 
easily attained. 

For I + 2m cos ^ + m' = mM 1+ i i + L 

\ w / V ^ / 

and accordingly 

, , ,. , /cos^ cos 2a? cos-ia? „ \ 

W(i + 2mcosa;+m*)=2logm+2( t- + — ~-&c. . 

°^ '^ ° \ m 2m' 3m' y 
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Consequently, when m > i, we have 

f I . . _ , /sin a? sin2x sin 30: \ 
log(i+2Wcosa?+mMafr=2«logm+2l 5— t+ » 3 -.. )• 

From the above it is easily seen that the integral 

J log(i + a cos a;) (£1; 
can be exhibited in the form of an infinite series, when a is less 

2W 

than unity : for making a = 5 we have 

log(i + acos^p) = log(i + 2m cos » + m') -log(i +»»'). 

The relation between m and a admits of being exhibited 

in a simple form ; for let a = sin a, and we get m = tan -• 

2 

Making this substitution in (4) we get 
I log (i + sin a cos x) dx - 2^ log I cos - j 



+ 2 



/x a • X « « sin 2a? p \ 

( tan - sm a? - tan* ^— + &c. I (5) 
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Examples. 



I. 



J 



(aeoBa? + 3amg)< to 
3C08«+|2Bina; 



2. 



J I - su 



8iii«e* 



«■(«•+«+!)&? 



-4«j. — log (3 COS « + a sina;). 

13 13 ^^-^ 



I. ^ I -_ 






*■)» 






4- i ^ 7-2 = |l0g(l + cose) --log(l -0080) + -lOg(l-aC5O80). 

^' J asmaO + i 



Let s B cos 0, and the expression reduces to 

-de 



{I - «•) 03 + aa») 



6. 



sin - tan - d9 
a a 

C089 



= log 



fi-sin^V ^ / \/ 2 an - ■\- i\ 

i + sin?/ M^ ''^\v'aBin|-i/ 



7. When «» < I, prove that 



I 



dbs X I afi I . 3 «• 

v/r+«*~' a 5 a. 4 9 



1-3 5 «^ , 

6*^^"^^"^ • "t" • • • t 
. *3 



and when ^ > i 



1 



dof 



III 



i.3_i_^i.3.S « 



Vi + «* * * 5^ »«4 9*' a.4.6i3af» 



8. Prove that 



Jd + « I II I. a a J 



and determine when the series is convergent, and when divergent. 



104 Examples. 

9. Froyethat 

ft^m^g-Xm . fiin'**»w X*+i* 8in'*^« 
•^^-^— aixiMw 0w = ■■ + . 

a /*+ 1 I . a fi + 3 

(X> -I- i») (X« + 3>) Bin^^w 
+ — ^^— ^-.— ^— — , + . • • 
1.2.3.4 fi + 5 

Substitute a; for sin a», and differentiate the expansion of #^^ * (JDifl GaL 
Art. 85), &c. 

t^-0-\m . X. 8in'*+»w A(X« + a«) 8in'***a» 

10. I "^ ginMw rfw s= - . + -^ i . 

J a I ^+ a I. a. 3 /* + 4 

X (X« + 2») (X« -I- 4») ain^^w 
1.2.3.4,5 fi + Q 
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CHAPTER VI. 

DEFINITE INTEGRALS. 

86. Integrafcion regarded as Smnmatlon. — We have in the 
commencement observed that the process of integration may 
be regarded as that of finding the limit of the sum of the series 
of values of a differential/ (x) dor, when x varies by indefinitely 
small increments from any one assigned value to another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next chapter. 

We first proceed to show the connexion between the pro- 
cess of integration regarded from this point of view, and that 
from which we have hitherto considered it. 

Suppose (x) to represent a function of a? which is finite 
and continuous for all values of x between the limits X ^nd x^ \ 
suppose also that X - a?o is divided into n intervals x\ - ^o» 
X2 - Xiy Xz - X2J . > - X - ^n_i ; then by definition (Dif. Gal. 
Art. 6), we have 

»fa)-»(x,) 

in the limit when Xi^ Xq; accordingly we have 

(^1) - * W = (a?i -Xq) (0' (xo) + €0), 

where co becomes infinitely small along with Xi - ar©. Hence, 
we may write 

(^1) - W = (^1 - Xo) (0' (xo) + Co) 
0(^2) - 0(a'i) = (a?a - Xi) [(t>^ (xi) + £1} 

ipiXs) - i>{X2) = (iTa - X2) {(!>' (iCa) + Ca). 
• • » • • . • 

(X) - (a?n-i) = (^ - iPii-l) {0'(^«-i) + €11-1). 
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where so) €i . . . sn-i become evanescent when the interrals 
are taken as infinitely small. 
By addition we have 

(X) - 0(a?o) = [xi - iro)0'(a?o) + {Xi - Xi)^'(x^ + . . . 

+ (X-a?».i) 0'(^»-i) + (^1 - ^o) to + (a?,-a?i) €i + . . . + (X -a?«.i) €«-i. 

Now if 1} denote the greatest of the quantities Co, ciy . • • Cn-i, 
the latter sum is evidently less than [X -x^i\\ and accordingly 
becomes evanescent ultimately ; (compare Dif. Cal. Art. 39). 

Hence 

(X) - (iPo) = limit of [{xi - iTo) 0X^0) + («3 - a?i) ^X^i) + • • • 

when n is increased indefinitely. 

This result can also be written in the form 

(X) - (a?o) = S 0'(^) cto, 

where the sign of summation 2 is supposed to extend through 
all values of x between the limits x^ and X. 

87. Definite Integrals, Iiimits of Integration. — ^The result 
just arrived at is usually written in the form 

f(X) -/(x,) = r/'(«)«te. (2) 

In this X is called the superior, and xq the inferior limit of 
the integral. 

Again, the expression 






^ ^dx 



is called the definite integral of ^ (x) dx between the limits x^^ 
and X and, as shown above, represents the limit of the sum 
of the infinitely small elements {x) dx^ taken between the 
proposed limits. 
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From equation (i) we see that the limit of 

when a?i - a?o, 2*2 - fl?i, . . . X - a?ii.i become evanescent, is 
got by finding the integral of/' (x) da (i. e. the function of 
which /'(^) is the derived), and substituting the limits a^y X 
for a; in it, and subtracting the value for the lower limit from 
that for the upper. 

If we write x instead of Jf in (2) we have 

/w-/K)=r/'('^)«&, (3) 

in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xq may be assumed arbitrarily,/ (a?o) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expression 
between assigned limits is at once found, whenever the in- 
definite integral is known. 



■ f. 



Examples. 

s» ds. Ant, 



a. 



a n + I 

>» r Yo \v2 - 1). 



)• ax 



-s/i 3 



* The student should observe that in (3) the letter x which stands for the 
luperior limits and the d; in the element/' (») dx must be considered as being en- 
tirely distinct. The want of attention to this distinction often caiues much 
confusion in the mind of the beginner. ' 
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dx 



5. 



Jo «2 + «*' 

(• dx 
^a» _ {B« 



6. f er^^dXf (a positiirp). 

. 

1 + 2»CO8 0+«* 
Jo 1 + 2*008 + 05' 

OD 

9. I r^smm*<2r. 
Jo 

10. I er^ooamxdx» „ -. 

fl* + wi* 



^fx. 






2a 




V 


>> 


2 




I 


» 


a 







» 


2 sin^' 







» 


sin 0' 




m 


» 


fl* + »w«' 




a 



II 



. I ; r = — T when a« - i« is positive. 

J_» a+ 2*a; + <?jc* Jae-l^ 



88. Change of Xdinits. — If a and b be written for the limit- 
ing values of a?, equation (2) becomes 

It should be observed that it is not necessary that the in- 
crement dx should be regarded as positive, for we may regard x 
as decreasing by successive stages, as well as increasing. 

Accordingly we have 

1"^ /' (z) dx =f(a) -fib) = - j* /'(x) dx. 

That is, the interchange of the limits is equivalent to a change 
of sign of tJie definite integral. 
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Also, it is obvious that 

(a?) tfo = ^{x) dx+ \ ^{x)dx; 

and so on. 

Again, if we assume x to be any function of a new variable 
2, so tJbat (x) dx becomes \p (z) dz^ we obviously have 



I ^ (a?) cir = \p{z) dz^ 



where Z and ^o ^^ the values which z assumes when X and 

Xq are substituted for x^ respectively. 

dhjc 
For example, if a; = a tan g, the expression — ^ be- 

cos z dz 

comes — ; — ; and if the limits of a; be o and 00, those of 



a" 



z are o and -. Consequently 



r dx I f2 ,1 

- — : i = -T COS ;8 as = --. 

Jo («'+«')* «' Jo «' 

Also, if we substitute a - s for a?, we have 

^{x) dx - - \ ^ (a - a) (jfe = I <^{a - z)dz. 

Jo Ja Jo 

Since neither a? nor z occur in the result, this equation ' 
may evidently be written in the form 

ip{x)dx =^ \ (a - jc) dx. (4) 

Jo Jo • 

We shall next proceed to evaluate a few elementary de- 
finite integrals. 

89. Values of sin mx sin nxdx and cos mx cos nxd^. 
Since 2 sin mx sin nx = cos (m - n) a? - cos ^m + n) a?, 
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and 2 cos ma cosnx = cos (m - n)x + cos (m + n) x^ 

we have 

f . , - sin (m - n) a; sin {wi + n) a? 

sin 97i;r sin nxctx = — 7 — ^ — ^^ ^ 7-1 

J 2 (w - n) 2 (wi + w) 

, f , sin (w - n)a? sin lm + n)x 

and QO^mx cos lUJOiC « — \ r— + — ; r— . 

J 2(m-n) 2 (m + n) 

Hence, when m and n are unequal integers^ 

I sin m;r sin n^c = o, and lo cos mx cos nx - o^ (5) 

When m = n, we have 



^VD^nxdx = — 7 



- cos 7.nx , X sm 2waj 
oa: = , 



2 2 4n 



fir , ^ , . • 

.*. I sin^WiTc^ = -, when n is an integer. 

Jo 2 



In like manner we have 



co^i^nxdx- -. 



2 
90. To prove tliat 



P a^»(i -x)^^dx^[ x^''(i--xY''dx= \'^'^/ V ^"^ - ^ j, (6) 
Jo Jo n(w+i)..(w+m-i)' ^ ' 

ti^Am m and n arepositive^ and mis an integer. 
The first relation is evident from (4). 
Again, integrating by parts, we have 

f flj"* 771— I f 

»»-^ (i - x)'^^dx = — (i - a?)«-i + /B» (i - a?)**-* tfe. 
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Moreover, since n and m - i are positive, the term 
x{ I -«)"•"' vanishes for both limits, 

.-. [^ (xr^[i- a?)*-' dx = ^^^ I V (i - «)~-» da?. 

Jo •* Jo 

The repeated application of this formula reduces the in- 
tegral to depend on aP**^« dx. the value of which is . 

^ Jo m + n-i 

Hence we have 

r *-» (I - *)- dz = i'''3--.. (>»-!) 

Jo n . (w+ i) . . . . (n + w- i) 

This result shows that when either m orn are integer, the 
definite integral 

iij""*(i -x)^''^dx 

can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose subsequently to give a short investigating 
of some of its simplest properties. 



Examples. 



i 2S 

I. I a^Ci — x\ dx, Ans, 






2» 

" 5.7.9. 13. 17' 



90. Values of sin^x dx and cos'^xdx. 



One of the simplest and most useful applications of definite 
integration is to the case of the circular mtegrals considered 
in the commencement of Chapter III. 
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We begin with the simple case of 

«■ 

If in the equation (Art. 53) 

c . , cosa? sin»-'a? w-i f . ., , 

sin^a; dx = + sin*-^« dx 

J n n ] 

, TT « !• . n COS X sin"^* X 

we take o and — for limits, the term — vanishes 

2 n 

for both limits, and we have 

w w 

sm*irflw:= sm""'a?aa;. 

Jo w Jo 

Now, if n be an integer, the definite integral can be easily 
obtained : its form, however, depends on whether the index 
n is even or odd. 

(i). Suppose the index even, and represented by 2m^ then 

I sin"»^rfar= sin*"»-*ic cfo. 

Jo 2m ]o 

Similarly 

fa 2Wi "■ 7 r' 

sin*»»"»a? cfe « =? sin««"*a? dp, 

Jo 2w - 2 jo 

and by successive applications of the formula, we get 

sm^'^ojflte = — ^ — ^ ^ ^ . -. (7) 

Jo 2 . 4 • 6. ... 2m 2 ^ '' 

(2). Suppose the index odd, and represented by 2m +1^ 
then 

' sin««^'a: (it? = -?^. f ' sin»"^>a;c&. 

Jo 2W+1J0 
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Hence, it is easily seen that 



I 



Bm^*^a dx = 7 -. (8) 

3.5.7... (2m + I) ^ ' 



Again, it is evident from (4) that 

I cos^xdx = I Ati^xdxj 

and consequently (7) and (8) hold equally when cos x is sub- 
stituted for sin x. 

«• 

92. Xnvwtigaftiim of sin'^o; cos"a; dx, 

Jo 

From Art. 52, when mand n are positive we have 

I sin"*d? cos"iP dx = | sin"*a? cos""'a? dx^ 

Jo w+njo 

and 1 sin^a? cos^a? dx 8in"*"*ir cos"a; dx. 

Jo w+ wJo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 
For, writing 2m + i instead of m we have 

w w 

I sin'"**^cos*ir<far = sin*""*^? cos*\r^. 

Jo 2m + n + I Jo 



Hence 



sin***'« cos"a? dx 
2m . (2m - 2) ... . 2 



~ (2m + n+i)(2f» + n- !)....(« + 3) J, ^ina; cos"x dr 

* The result in this case follows also immediately from Art. 88, by making 
>'« B s ; for this substitution transforms the integral into 

, n-l 

If* 

- I (i -«)"•«" ds. 

a Jo 
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2.4.6 ... (22n) 



(9) 



(n+ i) (n -f 3) . . . (12 + 2m + i)* 
In like manner 

1*2 Ofl I r2 

^w?^x cos''*a? dx = sin2"»a? cos**"*^ dx, 

Jo 2(W2+W)Jo 

Hence 

sin""a?cos'*»;rcte = ^ — t-^ sm*"*4c dx 

{2m + 2) ... {2m + 2W)Jo 

i.3.5...(2w-i).i.3.5...(2wi-i)7r , . 

= ' ^^. — . (10) 

2.4.0 (2W+2W) 2 ^ ' 

in which m and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0, we get 



I 






r dx ^ r 



2 I .3.5 . . .(2W-3) w 



cos'^"'^© dO = 



2,4.6... {%n-%)' z 



Similarly, by a? = a sin 0, \ x"* (a* - (x^Ydx^ transforms into 

ir 

^n+m+1 r sin"© cos**^© dH. 

Jo 

f_ in 

on m^ing x = o(,(\ - cos 0), becomes 



0^1 sin«*»ede. 



i> 



The expressions for these integrals, when m and n are 
fractional in form, will be given in a subsequent Article. 
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V 


Examples. 


I. 


.0 


An9. 


2. 


sin9« cost <£e. 
Jo 


a 


3- 


IT 

Jo 


»> 



4» 



!('-*'>• 



<6;. 



3-5-7" 

5 . 10 . 20 . 3 . 40 
9.19.29.39.49* 

I . 2 I 3 . . . (m - i) 
n.(f»+i)... (» + m-fi)' 

2.4.6... 2» 



5- 



6. 



" 3 • 5 • 7 . . . (a« + 0* 

•* «*•<& I . 3 .5 . . . (2»- l) TT 



a/i-.»« 



y^I«.^ 2.4.6... 2f» 2 

.1 jcSi»ft<fx 2.4.6... 2» 



J I - ««' 



7. Deduce Wallis's value for ir by aid of the two preceding definite integrals. 

f* a:*»<fo 2.4.6 . .. { n- i) i 

8. I z~. » 



00 

i; 



"(a+J^)?*' 3-5. 7..- » Voj-H. 

where n is an odd integer. 
9. V ^ {7.av- — x') dx, 

93. Valne of I e'^o^dx^ whea n is a poata^e integer. 

Jo 

In Art. 59 we have seen that 

Again, the expression — vanishes when a: = o, and also 
when a; =00, (Dif. Cal. Art. 92, Ex. 2). 

Hence e'x^dx^n e'^oif^'^dx. (11) 

Jo Jo 

OB 

Consequently [ e'^x'^dx « i . 2 . 3 . . . n. (12) 

I 2 
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Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make a; = as we get 



I 



I . 2 . '^ • • • /} 



ar*"^ 



in which a is supposed to be positive. 

Again, to find a?*" (log xY dx ; let a: = e''^ and the inte- 
gral becomes 

Since log a? = - log f- 1, this result is often written in 
the form : 

Jo V ^y (^+ 0"*' 

The definite integral e'^x'^'^dxy is sometimes known as 

Jo 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function of n it 
is denoted by the symbol T (n) ; and is styled the Gamma- 
Function. 

It follows from ( 1 1 ) that 

r{n-¥ i)«nr(n). (14) 

Also when n is an integer we have 

VijC) = 1 . 2 .3 . ..n. (ij) 

* The integral I afi^^ (i — xy^^dx, considered in Art. 90 is, also sometimes 

called The First Eulerian Integral ; we shall show subsequently how it can 
be expressed in terms of Gamma-Functions. 
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Again, when x is less than unity, we have 

= n-a« + a:' + a?'+ &c. 

I - X 

.*. log X = log a? ( I + a? + 0?* + . . .) r/oj 

Jo I -a? Jo 



"O^r-^r •••)'-?' 



(by a well known result in Trigonometry). 
In like manner we get 



1 



^ log X dx tt' 
I ■\-x 8 



An account of the more elementary properties of Gamma- 
Functions will be given at the end of this chapter. 



EZAMPLSS. 
I. I < log ( - I > da;. Ans. i . 2 . 3 . . . ft. 

I 



•00 



1 . 2 . . . n 



8' 



* " (loga)«+i' 

I - a;2 " 

Jo I-. =-'-^'3>..(2n-i)[i4-4-p, + ..J. 

Jo X '^ \^i - X ) 



IT* 



94. //"w «Mfl? V be both functions of x, and if v preserve the 
same sign while x varies from Xq to X, then we shall have 



r 

J*o 



rx 



uvdx = U 



vdx, 



where U is some quantity comprised between the greatest and the 
least values of u, between the assigned limits. 
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For, let A and B be the greatest and the least values of w, 
and we shall have, when v is positive, 

Av > uv > Bvy 

when V is negative, 

Av < uv < Bv, 

Consequently, for all values of x between Xo and Jf, the 
expression uvdx lies between Avdx and BvdXy and accordingly, 
since the sign oft; does not change between the limits, 

ex ex ex 

uvdx lies between A I vdx and B 1 vdx : 

which establishes the theorem proposed. 

Cor. If /(a?) he finite and continuous for all values of a? be- 
tween the finite limits Xq and X, then the integral 



r A^) dx 



will also have a finite value. 

For, let A be the greatest value of /(/p), and B the least, 

then I /(«) dx evidently lies between the quantities 



ex ex 

A dx and B dx, 



.-. r f{x)dx > J?(X- a?o) and <w4(X -a?o). 

JxO 

95. Taylor's Theorem. — The method of definite integration 
combined with that of integration by parts furnishes a simple 
proof of Taylor's series. 

For, if in the equation 



/(X-r/0-/(X)= f'{x)dx 

Jx 



Taylor's Theorem. up 

we assume a? =■ -X" -f A - s, we get c/i? = - <fe, and also 

.: /(J+A)-/(X)-[*/'(X+A-«)rf2. 

Again, integrating by parts, we have 

l/'(X + h-^)dz = ^f'{X+h-z)+j^/"(X + h-^)dz. 

Hence, substituting the limits, we have 

1^ f'(X+'h- z) dz = Kf'iX) + j* zf"{X + A - s) dz. 
In like manner 

which gives 

and so on. 

Accordingly, we have finally 

/(X t J) ./(X) + */'(Z) t _-^/'(X) + . . . t j^/<.-..(X) 

This is Taylor*s well-known expansion. 

96. Remainder in Taylor's Theorem expressed as a Definite 
Integral. — Let i2„ represent the remainder after n terms in 
Taylor's series, then by the preceding Article we have 

7?,=fV-'(^ + A-s)^. (.7) 

•'0 L___ 
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There is no diflBiculty in deducing Lagrange's form for the 
remainder &om this result. 
For, by Art. 94, we have 

Joi.2.3...(n-i) i.2*..n 

where fT'lies between the greatest and least values which 
f ^"^ (X -\- h - z) assumes, while z varies between o and A, 
Hence, as in Art. 73, Dif. Cal. (since any value of z between 
o and h may be represented by (i - 0) A, where > o and < i) ; 
we have 

En = — - — r-' {X + eh), 

1 .2 ... n 

where is some quantity between the limits zero and unity. 

96. Bernoulli's Series. — If we apply the method of inte- 
gration by parts to the expression f(x) dx^ we get 

\f(x)dx = itf(x) - J xf (x) dx. 



.'. T/Wtto = Xf(X) - ( /(a:) xdx. 

Jo Jo 



In like manner 



f 

•'0 



'■^ ^. X , X 



f{x)xdx^—-f{X)- fix) 



■^ ... . x^dx 



1.2 Jo 1.2 



Jo '•2 '•2.3 Jo 1.2.3 



and so on. 

Hence, we get finally 



f 



""/{x) dx = ^J{X)~ f(X) + -^ /'(X) - «&c. . . . (18) 

I *■ • Jm 1*2. A 



Compare Art. 64, Dif Cal., where the result was obtained 
directly from Taylor's expansion. 
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98. Sxcepiioiial Oases in Definite Integrals. — In the fore- 
going discussion ofdefinite integrals we have supposed that the 
function /(a;) under the sign of integration has a finite value 
for all values of a between tne limits. We have also supposed 
that the limits are finite. We purpose now to give a short dis- 
cussion of the exceptional cases.* They may be classed as 
follows : — ( i). When f(x) becomes infinite at one of the limits 
of integration. (2). When /(a?) becomes infinite for one or 
more vjuues ofx between the limits of integration. (3). When 
one or both of the limits become infinite. 

In these cases, the integral f{x) dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function / (a?) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

99. Case in w]iioh/(a;) becomes Infinite at one of the I«imits. — 
Suppose that/(^) is finite for all values of x between Xq and 
X, but that it becomes infinite when x = X* 

The case that most commonly arises is. where f{x) is of 

the form ^— — r-, in which \J/ (x) is finite for all values be- 

(X- xY ^ ^ 

tween the limits, and n is a positive index. 

Let a be assumed so that ^ {x) preserves the same sign 
between the limits a and X, then 

f^ ^(x)dx _ r« \l,(x) dx C^ 1// (x) dx 

The former of the integrals at the right-hand side is finite 
by Art, 94. The consideration of the latter resolves into two 
cases, according as n is less or greater than unity. 

(i). Let n < I, and also let A and B be the greatest and 
least values of \p (x) between the limits a and X : then, by Art. 
94, the integral 

r xLix"^ dx r^ dx (^ dx 
-^ z lies between A -^ and B --= r-. 



* The complete investigation of definite integrals in these exceptional cases 
is due to Cauchy. For a more general discussion the student is referred to M. 
j^oigno's Calcul Integral, as also to those of M. Serret, and M. Bertrand. 
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Moreover, since n < i, we have evidenlly 






{X-xy i-» 



and consequently, in this case, the proposed integral -has a 
finite value. 

(2). Let w > I and, as before, suppose A and B the 
greatest and least values of \p {x) between a and X; then 

7-^F r- lies between A -7= and B \ 7= -. 

ia [X - a)^ J„ (X - xy ]a (X - xf 

Again, we have 

dx - I 



J 



Now -^== becomes infinite when x =» X. but has a 

{X - xf-^ 

finite value when x = a; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When 71 = I, I r-y ^v = - log (X - 05), which becomes 

J \ -A. — X) 

infinite when x - X; and consequently in this case also the 
integral proposed becomes infinite. 

The investigation when /(a?) becomes infinite for x= Xq fol- 
lows from the preceding by interchanging the limits. 

100. Oase where f(x) becomes infinite between theldmite. — 
Suppose/(a:) becomes infinite when a: = «, where a lies between 
the limits Xo and X, then since 

r f{x) dx = f f(x)dx + r/(^) dx 

the investigation is reduced to two integrals, each of which 

may be treated as in the preceding Article. 

\L (x) 
Hence, if we suppose /(a?) = ^, it follows, as in the 

\ X —" CLj 
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last Article, that I f{x) da has a finite or an infinite value ac* 

cording as n is less or not less than unity. 

The case in which /(^) becomes infinite for two or more 
values between the limits is treated in a similar manner. 

For example, if 

f(ai) = 00, /(as) = 00, . . . /(an) = c», 
where cti, «» • • • On lie between the limits X and Xo ; then 

f f{x)dx^ I ' f(x)dx^ \ f{x)dx^&Q.. + I f{x)dx, 

each of which can be treated separately. 

10 1. Caae of Infinite Idmits. — Suppose the superior limit 
X to be infinite, and, as in the preceding discussion, let /(a;) 

be of the form , ^ \ . where -itix) is finite for all values of «• 

(x-aY* ^ ' 

As before we have 

f f{x)dx = \ f(,x)dx+ ( f{x)dx. 

The integral between the finite limits Xq and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(i). Let w > I, and let -4 be the greatest value o£\p{x) 
between the limits a and cx>, then 

, ^ , is less than A r- . 

Ja(^-a)'* Jo {x-a)'' 

But r_^- = -i- \—L I 1. 

The latter terra becomes evanescent when X = oo ; accord- 
ingly in this case the proposed integral has a finite value. 
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In like manner It is easily seen that if n be not greater than 
unity the definite integral 

dx 



f 



{X - aY 

has an infinite value ; and consequently 

'{lj{x)dx 






{x - ay 



is also infinite, provided \p{x) does not become evanescent for 
infinite values of .r. 

Hence, the definite integral 

yi/(x)dx 



1 



has, in general, a finite or an infinite value, according as n is 
greater or not greater than unity : i^ {x) being supposed finite, 
and Xq being greater than a. 

If X become - oo, a similar investigation is applicable, for 
on changing x into - x^ we have 



i f(x)dx = - /(-a?)c£r, 



in which the superior limit becomes oo. 

I02. Prinoipal and Gfreneral Valnes of a Definite Zniegrai. — 

We shall conclude this discussion with a short account of 
Cauchy's* method of investigation. 

Suppose/Ca:) to be infinite when 4? = a, where a lies be- 
tween the limits Xq and X, then the integral f(x)dx is re- 
garded as the limit towards which the sum 



/{x)dx^ /(x)dx 

Jx Ja-\-vt 



♦ This and the four following Articles have heen taken, with some modi- 
fications, from Moigno's Calcul Integral. 
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approaches when b becomes evanescent : fi and v being any 
arbitrary constants. 

This value depends on the nature of /(a:), and may be 
finite and determinate, or infinite, or indeterminate. 

If we suppose /u = v, the limiting value of the preceding 

sum is called the principal value of the proposed integral: 

while that given above is called its general value. 

f ^ dx 
For example, let us consider the integral — . 







Here f ^ = M Tf^ . ra. 

Also, making « = - 2, 

[-"• ^ = ("• ^ = log i^A 

Accordingly, the principal value of I — is log ( — ), while 

its general value is log I ~ ) + ^^g f - J. The latter expres- 
sion is perfectly arbitrary and indeterminate. 
Again, let us take — . 

As before -- = limit -r + -r • 

J-«oa;* \jy^ x^ J.xq x^] 

-, (' dx 1 I , r^'dx I I 

But —- = ^ : and — = . 

Jve x^ ve X J.xo x^ jne Xq 

[^ dx ^, . fi I I I "I 

.-. — = limit -+ •^--. 

J-xo ^ UM€ ve Jl XoJ 

Consequently, both the principal and the general value of the 
integral are mfinite, in this case. 
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In like maaner 

I — r = limit of — ( —5 + — r - -^ri )• 

Hence the general value of the integral is infinite, while 
its principal value is - ( -- - -=7. ). 

It may be observed that the principal value of 

This holds also whenever f{x) is a function of an odd 
order: i. e. when/(- x) = -f(x). 
For, we have 

f{a) da = f(x) dx + f{x) dx. 



XQ 



But r /(«) «te = - r f(-x)dx= r /(- «) <fe. 

.-. {'" fix) dx = f" [fix) +f(- x) } dx. (19) 

Accordingly if /(- a?) = -/(•») we get 

f(x)dx^o. 
Again, if /(^) be of an even order, i. e., if /(- x) =f(x), 
we have T" /(a?) 0^-2 {'"/(x) dx. 

J-xo Jo 

103. Singular Definite Integral. — ^The difference between 
the general and the principal value of the integral considered 
at the commencement of the preceding Article is represent- 
ed by 

f{x)dx, 
in which /(a) =00, and € is evanescent. 
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Such an integral is called by Cauchy a singular definite integraly 

in which the limits differ by an infinitely small quantity. The 

preceding discussion shows that such an integral may be either 

infinite or indeterminate » 

104. Infinite Xdmits. — If the superior limit be infinite, we 

1 

igard f(x)dx as the limit of I f{x)dx^ when b becomes 

Jo J *0 



re 



evanescent. 



Also i f{x) dx « limit of j f(x) dx, when e is 



evanes- 



cent. 

In the latter case the value of the definite integral when 
ju = V is, as before, called the principal value of 



f(x)dx. 

J -00 



In this we assume that /(a) does not become infinite for 
any real value of x, 

105. ZbEample. — Suppose to be a rational algebraic 

fraction, in which /(or) is at least two degrees lower in x than 
F{x)y and suppose all the roots o£ F{x) = o to be imaginary, 
it is required to find the value of 



r 



FiP)'^''' 



f(x) 
From the foregoing conditions it follows that -^~ cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



t 



•^(^>.., 



VT^W 



when € vanishes. 
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fix) 
To find this value, suppose -^77-^- decomposed by the me- 
thod of partial fractions, and let 

_-_ and 

x-a-bv -I x-a + b y/ - I 

be the fractions corresponding to the pair of conjugate roots 

a + b"/ - I and a - 6 v/ - i, of F{x) = o : 
then the corresponding quadratic fraction is the sum of 



X 



-a-bV-i a:-a+6\/-i 



2-4 {x- a) ■¥ iBb 



tie 

when £ vanishes. 



f"* 2Bbdx 



. , f 2-4 (a? - a) fl?^ 

1 

. [" 2A{r-a)dK ^ ifi' (i-ai,f)«.f ft'y't' ) 



= zA log -, when « = o. 



f*" f(x) 
Investigation of ' dx, 1 29 

Jo Z' (x) 



F{x) 

Now suppose F(x) to be of the degree 2 n in or, and let the 
values of A and 5, corresponding to the n pairs of imaginary 
roots, be denoted by -4i, ^3, . . . An% and J9i, 5a, . . . JB«, re- 
spectively ; then we have 

1 
Again, since f{x) is of the degree 2n - 2 at most, we have 

-4i + u4a + . . . + -4n = O. 

For, if we clear the equation 

f{x) _ 2^\(x-ai) + 2B ibi 2 An (X - an) -4- 2Bnbn 

F[x) " (x--a,f + 6i» ^ • • • ^ (X- anf + 6«» 

from fractions, the coefficient of x^^'^ at the right hand side is 
evidently 

2(^1 + ^2 + . . . + ^n); 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 



r 



^-^.dx=2ir(B,^ B,^,.. Bn). (21) 



* It may be observed that when /(«) is but one degree lower than F{x)f 
the principal value of I -^n-k ^^ is still of the form given in (21). 

J- CO Jf\X) 

K 
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We proceed to apply this result to an important example. 

, when m and n are positiTe integers, 

I + a^ 

and n> m. 

Let a be a root of «?*" + i =0, and, by Art. 33, we have 



^_5/— =-^ 



2m a'"^^ 



Again, by the theory of equations, a is of the form 

(2A + i)ir / . (2^+ i)ir 

cos ^^ + V - I sm •^— , 

2w 2n 

in which £ is a positive integer, and less than w, 

.-. a'"** = cos {2k + i) fl + v^^ sin {2k + i) fl, 

where = <?^LL05. 

2n 

Hence B =» ; and accordingly we have 

-Bi + -^8 + . . . + -6„ = — (sin 6 + sin 10 + . . . + sin (2n - i) 0). 

2n "^ " 

To find this sum, let 

S = sin + sin 36 + . . . + sin (jzn - i) 0, 
then 

2/Ssin0-2 sin*6 + 2 sin 6 sin 36 + . . . + 2 sin sin (2n - i) 
= I -cos 20+ cos 26 -cos 40+ . . .+ cos (2n- 2)0 -cos 2*10 

= i-cos2w0= 2 sin*w0= 2 sin* {2m + i) - = 2. 

2 



sin0 . (2m + i)ir 

sm- • 

2n 
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Accordingly, we have 






.00 I +d?^ . {2m + i)7r. 
n wn ^ ^— 



2n 
Hence, by (19), 

Jo 1 + «*• "" * J.« I + d?^" " 2» ' . (2m+i)7r- (^^) 

2n 

We now proceed to consider the analogous integral 
I ^, where m and n, as before, are positive integers, 

Jo I ""^ 

and /> > wj. 

107. InvesfcigatUm of I ^^' 

Jo 1 -" X 

We commence by showing that 

• dx 



i 



= 0. 



I -a?* 

This is easily seen as follows, 

r dx ^ P fl?a? r cg.1? 
Jo I -a?* Jo I -«' Ji I -a?*' 

Now, transform the latter integral, by making a; = -, and 

we get 

r dx [^ dz p dz n dx 

Jx i-m^ J1I-2' Jo 1-2^ Joi-ii^ 

2 = 0- 

Jo I - a?^ 

Again, proceeding to the integral 



i-a?'^" 

K 2 
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we observe that i + x and i - a; are the only real factors of 
I - ic*", and that the corresponding partial quadratic fraction 
in the decomposition of 

ar*"* . I 

IS - 



Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 104 
and 105 applies to the fractions arising from the n -- 1 pairs 
of imaginary roots, and accordingly 



i: 



——^ = 27r (A + ^2 + . • . + 5n-l), 
00 * * 



where Bi, -82,... £n-i have the same signification as before. 
Again, since the roots of x*" - i =0 are of the form 

kir / . kir 

cos — ± V - I sin — , 
n n 

it follows, as in Art. 105, that 

jBi + 5a+ . . . + -6n.i = — [sin20+sin4O + . . . + sin2(n- 1)6], 

where = ^— , as before. 

2n 

Proceeding as in the former case, it is easily seen that 
sin 20 + sin 46 + . . . + sin 2 (n - i)0 

cos&-cos(2w- i)0 (2W+ Ott 

= : — r = cot . 

2 sm U 2n 

x'^^dx w 2m-\- 1 



Hence = ^ cot 

J -00 I -X*" n 



x—ax TT ^ 7.m + I 

TT. 



1: 



2n 

ai^'^dx TT 2W+'l 



— = — cot TT. (22^ 
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Again, if we transform (22) and (23), by making x^ = z^ 

J 2»2 + I 

and a = , we get 

2W 

= -: , = w cot air. (24) 

Jo I + 2 smaTT Jo I - 2 

The conditions imposed on m and n require that a should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided n > m, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive, and less than unity. 

108. The definite integrals discussed in the two preced- 
ing articles admit of several important transformations, of 
which we proceed to add a few. 

For example, on making w = 2" in (24), we get 

f* du air f* du 

I , = -; ; L = aw cot aTT. 

Jo . i smaTT Jo - 



- Dili t*7r J 



On making - = r, these become 



Jq 1 -\-w .TT Jo I —tv r r 



rsm- 
r 



where r is positive and greater than unity. 
Again 



r af'dx _ r a ^dx r x'^dx 
jo I + aj* "JoTTr* J, i+««* 



Now, if in the latter integral we make a = -, we get 

v^dx 



r o^dx __ fo z-^dz _ f ' ^ 
J 1 I + a:* " J 1 1 + ^' Jo I + 

= -rdx. (26) 

Jo I +x» Jo i+u;» ^ ' 
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Moreover, from (22), when n is less than unity, we have 



r ^ L- (27) 

Jo i+ir« nw' ^ 



2 cos — 
2 



Accordingly 

\ = • (28) 

JO a: -\- x'^ X nw 



2 COS — 
2 



In like manner, it is easily seen that 



I 



^ af* - x'^ dx IT ^ nir . , 

— = -tan — . (29) 



W - X'^ X 2 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x = e"*", and 
WTT = a, and we get 



a X « 

sec - « «. .. tan - 



_ -fl?2r = , _ -flfe= (30) 

Jo e'* + ^''^ 2 Jo e'^'-e'^" 2 

We add a few additional examples for illustration. 



Examples. 



Ant, — — 



1 
(a» - ar")» n sin - . 



^* die 



'• Jo 0^ 



(x2 + a2) («* + b^y »' 2a* (a + 6) 



Jo I -X* 






4 
rr 



^ h tidn^O/ZO, where n lies between -}- i and - i. „ ^ g^g ^' 
Jo 2 
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, where n>m. 

«»+«"» X 



»' mir* 

291 COB — ~ 
271 



- I, 



a b 

COB — C08- 
(goz + ^-a«) (^ + ^-6») 2 2 

^ ^x -f 0~irx *' COSa-t-COB 



y 



(gaz + ^-a») (^ _ e-bx) ^ Bin* 

^ ^ rf«. Ana, 



ro ««c + tf-»« COB 0+ COS * 

It Bhould be observed, that in these we must have a -i- b < w. 
8. Hence, when d < ir, prove that 



^ » + r B COS - 

' 2 

Jo etrx + tf~w« tf<» + 2 COS b -^ era 

f* ^-^-A» sin* 

I COB ffor <»; =: ; , 

'^ ^x — g-ir» C« 4- 2 COS 6 + e" 

I ?iixiax dx^h : • 

Jo ^»— e~^* ^ + 2 cosd + ^'<» 



Jo I - 



2fl^ fa I 

— dz. » T cot arr — . 

e a 



109. Differentiation of Definite Integrals. — It is plain from 
Art. 82 that the method of differentiation under the sign of 
integration applies to definite, as well as to indefinite inte- 
grd^s, proviaed the limits of integration are independent of 
the quantity with respect to which we difierentiate. 

On account of the importance of this principle we add an 
independent proof, as follows :• — 

Suppose u to denote the definite integral in question, i. e. 
let * 

u=\ (ar, a) dx^ 

where a and h are independent of a. 

du 
To find — let At* denote the change in u arising from 

the change Aa in o ; then, since the limits are unaltered, 
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Au= \ [(ft {Xj a + Aa) - (ar, a)) dx. 



Aw (^ <l> (xj a -h Aa) - ^ (x, a) 
' Aa Ja Aa 



=1: 

Hence, on passing to the limit,* we have 



^ ^ p d<p(x, a) ^^ 
da J a da 



Also, if we differentiate n times in succession, we ob- 
viously have 

d^(^ d^fp (Xy a) 



rfa" J a da* 



dx. 



The importance of this method will be best exhibited by 
a few elementary examples, 

1 10. Xntograls deduoed by Di£BBreiitlaiion» — If the equation 

I e-^ dx^- 
Jo a 

be differentiated n times with respect to a, we get 



r^ 



e-'^dx = 



_ I . 2 . 3 . . . » 



a«*» 



as in Art. 92. 

Again, from the equation 



r 

Jo 



dx TT I 

x^-\- a 2 a4' 



we get after n differentiations with respect to a, 

P ^^ _ 5 I » 3 » 5 . . . (2n - i) I 
Jo (ir* + rt)"** "" 2 2 . 4 . 6 . . . 2» ^' 

which agrees with Art. 91. 



••cSmlS>*?g^' ^'""'"^ '''''^^ *^' '*"^'''* " '^^'"^ ^ Bertrand'. 



Differentiation under the Sign of Integration, 137 

Again, if we take o and 00 for Kmits in the integrals (23) 
and (24) of Art. 21, we get 

«-«* COS TWO? da: = -5 -, e"^ ^varaxdx^ . (22) 

Jo fl^ + m'* Jo a^^rv? ^^ ' 

Now, differentiate each of these n times with respect to a, 
and we get 

e^ af^ co^ mx dx =^ {- i) (^-) (— -j 

Jo ^ \da) \a^ + my 

|w.cos(n+ i)0 



{a^+m^) 



n + l ' 



/•• , [w.8in(w+i)0 

g-oxjjjit sin ma? cte = ~ ^^^ 1 

where m = a tan 0. (See Ex. 17. 19. Dif. Gal. pp. 46, 47.) 
Next, from (24) we have 



I 



x^^ dx 

= IT cot aw. 



i-x 



Accordingly, if we differentiate with respect to a, we have 

X^'^logxdx TT* 



1 

Jo 



I - x sm^aiT 

Again, if the equation 

hx 

be transformed by making t/ = 7-, it evidently gives 

a "F ox 

p x^'^dx _ T 
Jo ^a4- 6.r;*"*^ " nflfft"' 
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Now, differentiating with respect to a, we have 



J. (a 



• (a + bxy^^ w (w + i) a»6»' 

If we proceed to differentiate w - i times with regard to 
a, we have 

^'^dx i.2.3...(m-i) I 



I 



(a + Saj)"*"* n.(w+ i)(n + 2).. .(n + w-i)' fl~6"* 

III. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known inte- 
gral; we shall illustrate this statement by one or two ex- 
amples. 

Ex. I. To find 



1; 



loff (i + sina cos a?) , 



cos:r 



Denote the definite integral by w, and differentiate with 
respect to a, then 



: = IT, (by Art. 1 8). 

Jo I +smacosir ^ "^ ' 



du f^ cosadx 
da 



Hence, we get 

dx log (i + sin o cos x) 



f 



cos^ 



= TTa. 



No constant is added since the integral evidently vanishes 
along with a. 

„ f* er^ sin mx , 
Ex. 2. w = dx, 

Jo X 

In this case 

du f* __ , a 



-f 

J 



^""^ cos mxdx = 



dm Jo a^ + rn^ 



f di 



dm J^\ 

= tan-> — . 



m^ \a 
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No constant is added since u vanishes with m. 
Ex. 3. Next suppose 



Here 



riogCxj^o^) 

Jo i+b'a^ 

du _ p ,2ax^dx 

da" Jo (i + aV) (i+A»a?« 



I rf* 2adx f* 2adx 1 
" a^-b^Do I +6V""Jo iTo^J 

_ I /a \ IT 

.*. w = 7- r = - loff (a + 6) + const. 

To determine the constant ; let a = o, and we obviously 
have tt = o. 

Consequently, the constant is - ^ log b. 

Jo i-^b^z^ b ^\ b J 

The method adopted in this article is plainly equivalent to 
a process of integration under the sign of integration. Before 
proceeding to this method we shall consider the case of dif- 
ferentiation when the limits a and b are functions of the quan- 
tity with respect to which we diflferentiate. 

112. Differentiation where the Ziimits are variable. — Let 

the indefinite integral of the expression (a?, a) dx be denoted 
by F(x, a) ; then, by Art. 87, we have 

u = ^(;r, a)dx ^F[b, a) -F{a, a) 

du d,F(b,a) ,, . 
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and 

du dF(a, a) , . 

d^ ^ *^'''''> 

Again, taking the total differential coefficient of u regard- 
ing a and b as functions of a, we have 

du (* d<l> (x, a) du db du da 

da ]a da db da da da 

^ d(L{x^ a) , /, x^^ / da . . 

By repeating this process, the values of -7-^, -7-j, &c., can 

be obtained, if required. 

113. Integration under the Sign of Integration. — Ke turning 
to the equation 

where the limits are independent of a; it is obvious, as in 
Art. 93, that 

\uda = U(^9 ^)da dXy 

provided a be taken between the same limits in both cases. 
If we denote the limits of a by ao and ai, we get 

uda = ^{x^ a)da\dx. 



or 



•/> (ar, a) ef^ da = <^{x^ a)da\dx. (32) 



This result is usually written in the form 

'ft 



<^{x, a)dxda =11 0(i^» a)dadx, (33) 



Integration under the Sign of Integration. 141 

These expressions are called double definite integrals^ as in- 
volving successive integrations with respect to two variables, 
taken between limits. 

It may be observed that the expression 

J0(a?, a)dxda 
<»oJa 

is here taken as an abbreviation of 

•6 



(.», a) dx da. 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards inte- 
grated with respect to a, between the limits ao and oi. 

The principle* established above may be otherwise stated 
thus. In the determination of the integral of the differential 

{Xy a) dx da 

between the respective limits Xq^ Xi ; and ao) ai ; we may effect the 
integrations in either order, provided the limits ofx and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this me- 
thod by a few examples. 

114. AppUoations of Imtegration under the Sign |. 

Ex. I. From the elementary equation 



f 



1 I 

af*'^ dx = - 
a 



we get 

(t^^^dadx =\ — = log ( — ). 

JoJ«0 Joo « \^0j 



* It should be noted that this principle fails whenever (a:, o), or either of 
its integrals with respect to a, or to x, becomes infinite for any values of x and a 
contained between the limits of integration. The student will find that the ex- 
amples here given are exempt from such failure. 
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Hence 
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J log a? ° \aoJ 



Again, if we make x = e'' in this equation we get 



i 



oo ^-«i5 _ ^-a^* 



dz 



z 



='°^fc) 



Ex. 2 . We have already seen that 



Hence 



1 

at. 



e''^ cos mx ax = — -. 

a'+m' 



e-^'da 



cos mx dx 



o* + m« 



or 



1 



* ^-aiX _ g-oo^r 



a; 



cos mo? 



■r 



Ex. 3. Again, from the equation 



1: 



er^ sin mx dx 



m 



a» + m*' 



we get 



f* f«i ^ . , , f«i mda 
I g"''* sm mxdadx ==\ —- 

Jo Jao Jao a + »» 



r«-o*-e""i' . ^ , /aA /ao\ 
smmxdx = tan~^ — ) -tan*' ( — |. 

Jo « \^/ \»2/ 

Compare Ex. 2, Art. 109. 

li we make a© = o and oi = 00 in the latter result, v 
obtain 



r 

Jo 



smma; , tt 

oa? = — . 

a; 2 
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Jo 



Ex. 4. To find the value of 



I 







Denoting the proposed integral by A, and substituting ax 
for a?, we obviously have 

I «-«'^' adx = k. 



00 



a?") adx = ke «". 



H 



ence 



But 



JO Jo Jo 

Jo *i+a;«' 



Hence 



*Jo I +0?* 4 

J^ 6-*vaj = A = i >/;;. (34) 

This definite integral is of considerable importance, and 
several others are feaaily deduced from it. 
115. For example, to find 

(A) « = f 

J 

Here 

du ^ p 

da Jo 



00 a' 

-«» — 



-a-«-— „ dx 



a 
A gam, let 2 = -, and we get 

X 
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du - -, 

.*.-- = - 2w, hence u = Ce'^, 
da 

To determine C, let a = o, and, by the preceding 
ample, u becomes 

2 

Consequently 



00 a« 



V TT 



Jo 2 

Again, to find 

(B) u = \ ^"'*'*'' cos ibxdx* 



Here 

du 

db 



^ = - 2 e""*'" sin 2 Jar ajc^ar. 

Jo 



But, integrating by parts, we have 

e'^'"''* sin 2bx 2b 



f , . . y . ^-« * am ibo! 26 r , - 

2 U-« * sm ibxxdx = : r + -r k'*" cos 2bx c 

J a' a* J 



00 7 00 



.-.2 e ""'* sin 2bxxdr =—r\ er^'"' cos zbxdx. 
Jo a'Jo 

Hence 



(/?/ 2bu du 2b db 



or — =- 



db a* ' w a» 



fc' 



Hence w = C« ""* 

V TT 



Also, when 6 = o, w becomes 



2a 



-r 



tf-«*** COS 26aJ cfor = _ «'»'• 



2a 
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Again, if we differentiate n times with respect to a the 
equation 

Jo 2\/a 

and afterwards make a = i, we get 

(0) j;.r-^.i»- --3-5-('"--) ^. 
Next, to find 

r* cos WM? fife 

^^-^ Jo ^TT'x^' 

We obviously have 

Jo I + «» 

f* f* ar,**.^ ^ j f * COS mx (it? 

.•.2 oe"" "** ^ COS ma; cte rfo = r-. 

Jo Jo Jo I +3?* 



But, by (36), we have 



J* a/it -— 

e-«''' COS mxdx = — — «'*••' 
a 

. /-f" -«*.'!^, f*C03mirfl?a? 
Jo Jo i+ar^ 

Hence, by (35), we have 

f* COSmaJCfo? TT 

J. -rr^=^'^- <37) 

Again, differentiating with respect to m, we obtain 



I 



* 0? sin ma; dx ir 



— -z^' (38) 



I + ar» 2 
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EXAMFLSS. 



I. 


Jo en'- e-^ 


3. 


•1 x^'i + ar* dx 
.0 I +« « 


when 


a > and < i. 


I. 


f» a« + 2-«- 2 rf« 



^«#. -sec*-. 
4 a 

„ logftan^j. 



gg , / air \ 

w 

4. jJl0g(l + C08flC08«)^. „ i[^'-fl«y 

5. j"co.»log(J±§],&. „ x(*-.-^^y 



6. 



2** log z az ir* a 

COS* — 

2 



f"^ 5r log 
I + 



116. The values of some important definite integrals can 
be easily deduced from formula (4), Art. 88. 
For example,* to find 



3 



log (sin 6) d0. 



Here T log (sin 0) dfl = ' log (cos fl) <». 

Jo •'0 

Hence, denoting either integral by w, we have 

w 

2u = {log (ain fl) + log (cos $)} dO 

J 



* These examples are taken from a paper, signed H. 6., in the " Cambridge 
Mathtmatical Journal," YoL 3. 



Theorem of FruUahL 



= I log (sin 2O) dO — log 2. 
2 



i 



Again, if 2 = 2O, we have 



log (sin 20) d0 = ^ log (sin z) dz 

Jo •'0 

w 

i log (sin z) (/5 + ^ j log (sin a) dz ; 



but, since sin (ir - «) = sin «, 



log (sin 2) e{s = log (sin %) dz. 



Consequently 



log(sine)-rfe. 



ir 

plog(sin2e)(3?0 = 

log (sin 0) dO " — log (2). 

Jo 2 



Again, to find 



r log (sin 0) dO. 



Here 



f log (sin 0) d0 = f (it - 0) log (sin B) dO 

Jo Jo 
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(39) 



.-. f e log (sin 0) dO = - f log (sin 0) rf0 = - - log (2). 

Jo- 2 J 2 

117. TlMor«m of VrmXUaA. — ^To prove that 

i;-^^2^^^^.«(o)iogQ. 



L 2 
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f 0(2)- 0(0) , , . n 

Let u = ' — ' — ^-^ — dz ; substitute ax for e, and we get 
Jo 2 ° 



»=f 






a? 

If we substitute b for a, we get 



-1 



? (Sa?) - (o) 



ci^. 



X 

Hence 

Ta ^ (oa?) (fo f ft ^ (6a?) dx [^ dx 

Jo iP Jo X ^ ^Jh X 

= ^(o)log(i). 

^j^ |=tM^±M,«,-j|tM^ = ^(o)iog(^). (40) 

a 

If we suppose A « 00 we get 

f*-^^^i^^^-«(o)log(^) (40 

h 

provided ^--^ — ^ dx = o, when h=co. 

For example, let ^(x) = cos a;, and, since the integral 



f 



b cos bx , 
dx 



h X 

a 

evidently vanishes when A = 00, we have 



f * cos ax - cos bx , , b 

dx - log -. 

J. X ^a 
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As an exceptional case to the theorem of Frullani, let us 
consider the integral 



[ 



• • — ax. 



X 

Since (o) = o in this case, equation (40) gives 

f tan"*aa? - tan'* 6a? , p tan-^ hx dx 
Jo X Ji a? * 

a 

where A = 00. To find the latter integral, we observe that bx 
is infinite for. all values between the limits, and consequently 

tan-* 6a? = — , for all' values of ar in the definite integral. 

Accordingly we have 

h 

r* tan-^oar - tan~^ Ja; _ it T* cte _ tt , fa\ 
Jo ^ ' " 2 J? 7 " 2 ^^\b} 

118. G-amma-Fimotioiui. — It may be observed that there 
is no branch of analysis which has occupied the attention of 
mathematicians more ''than that which treats of Definite Inte- 
grals, both single and multiple; nor in which the results 
arrived at are of greater elegance and interest. It would be 
manifestly impossible in the limits of an elementary treatise 
to give more than a sketch of the results arrived at. At the 
same time the Gamma or Eulerian Integrals hold so fundamen- 
tal a place, that no treatise, however elementary, would be 
complete without giving at least an outline of their properties. 
With such an outline we propose to conclude this chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 92. 

The First Eulerian Integral, viz. : 



I 



1 

ajw-i ( I _ xy-^ dxy 




is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation, £ (m, n). 
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Thus, we have by definition 



^m-i (i _ ^j«-i ^ ^ B{my n). 

Jo 

Jn 



(42) 



The constants m, n, are supposed positive in all cases. 
It is evident that the result in equation (14), Art. 92, still 
holds when p is of fractional form. 
Hence, we have in all cases 

r(p+i)=pr(p). . 

This may be regarded as the fundamental property of 
Gamma- Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter p is comprised between any two consecutive integers. 
For this purpose the values of r(j9), or rather of logr(j5) 
have been tabulated by Legendre* to 1 2 decimal places, for all 
values ofp (between i and 2) to 3 decimal places. The student 
will find tables to 6 decimal places at the end of this chapter. 
By aid of such tables we can readily calculate the approjdmale 
values of all definite integrals which are reducible to Gamma- 
Functions. 

It may be remarked that we have 

r(i) = i, r(o) = oo, r(-i>)-oo, 

p being any integer. For negative values ofp which arc not 
integer the function has a finite value. 

Again, if we substitute zx instead of ^, where s is a con- 
stant with respect to »t, we obviously have 



1: 



^^'x^^dx^^. (43) 



gill 



* See Traits des Fonctions Elliptiques, Tome a. Int Euler. chap. 16. 



nf . r(m)r(n) 

B (m, n) = —— -. I c I 

With respect to the First Eulerian Integral, we have 
already seen (Art. 90) that 

aJ"-i (i - o:)"-^ dx = a?"'* (i - ^)~* dx, 

.'. J?(m, «) = B(ny m). 

Hence, the interchange of the constants m and n does 
not alter the value of the integral. 

Again, if we substitute — ^ — for a?, we get 

if 

h * J. (i+y)"^ 

Hence ^' ^'^^ 






"We now proceed to express J?(m, n) in terms of Gamma- 
IFonctions. 

119. Va prore tbat 

From equation (4^) we have 
Hence 



OS 



/•O* /•OOr-z'OO —1 
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But, if «(i + a?) = y, we get 



j ^Mii^x) ,«*«-! d^ ^ 1 I ^-!,ym*n-i fly 

Jo (i+ar)«^Jo ^ ^ 



r (m + w) 

(i + a:)*»+»* 



Accordingly, by (44), we have 

^f . r(w)r(n) , . 

5 (w, n) = --rr^ — V- (45) 

Again, if m « i - n, we get, by (24), 

r(n)r(i-n) = r^!:i^--J!L.. (46) 

^ ]q i-vx sinnir ^ ' 

If in this n a ^, we get 

r(i) « Vlr. 

This agrees with (34), for if we make r' = z^ we get 

Jo Jo 2 

120. By aid of the relation in (4$) a number of definite 
integrals are reducible to gamma-functions. 
For instance, we have 

Jo (i+y)"*" Jo (i+yr^" Ji (i+y)**"' 

now, substituting - for y in the last integral, we get 



, (lTyp»*" "" J (i + «)«*»•* 
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Hence 

Jo(i+^)»»*» r(mH-n)"' ^"^7) 

Next, if we make a? = -^, we get 

Jo (i+a?)"*" Jo (ay + 6)«*»* 

. r tr-'dy ^ r{m) r[n) 
* J (ay + 6)~*» a"6» r(m + n)' ^^ ' 

Again,* let x = sin'fl, and we get 



*sin^-i0cos»«-'6lrfe. 




Jo 

w 

J 2 r(w + n) ^^^^ 

This result may also be written as follows : 



\ smP-^e cosfl-^e d0 = ^^^ ^^ 
Jo „/p + Q 



arfP^? 



If we make g = i, we get 



' '-r-r) 



(50) 






* These results may be regarded as generalizations of tho formuIsB given in 
Arts. 91, 9a, to which the student can readily see that they are reducible when 
the indices are integers. 
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Again, if p = g in (50) it becomes 



2r(p) Jo 



(p) 

Let 20 = s, and we have 






f2 f*" r* 

sinP"' 20dB = ^ sinP ' s fl?z = sinP"^ z dz 

Jo Jo Jo 



v/ 



TT \2/ 



2 pfP+I 



2 

If we substitute 2m for j9, this becomes 

r(m) r(m + i) =^, T{2m). (52) 

Again, make y = tan^fl in (48), and we get 



f 



\ sin*™-* d cos"»-» c^fl r (m) T (w) 



(S3) 



o(asin»0 + ^cos^fl)*"*** zaTb" T (m + w)* 
121. To find the value* of 

n being any integer. 

Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 



* Thii important theorem is due to Euler, by whom, as already noticed, the 
Uamroa-ftinotioni were first infettigatcd. 



r«<»./r(l)r(i)r(a)...r(-;). .„ 

that is, by (46), 






sm - sm — sin =^ . . , sm • 

n n n n 

To calculate this expression, we have by the theory of 
equations 

( 'T V 277 \ / (n-i)7r A 
I i-2a?cos-+a;* )[ i-2a;cos — +^* J . . .1 i-2iccos^ ^— +ir* 1. 

Making successively in this, ^'= i, and a? = - i, and replac- 
ing the first member by its true value w, we get 

/ . fl-W . 2^V /^ . (n-i)7rV 
w « 2 sm — 2 sm — I ... I 2 sin -^ — 

\ 2n/ \ 2n/ \ 2n / 



/ fl-V/ 27rV / 

n « 2 cos — 2 cos — . . .( 
\ 2n) \ zn) \ 



2 cos 



(n- i)7r' 



,2 



271 



> 



whence, multiplying and extracting the square root, 

, . TT . 27r . (n - l) TT 

n = 2""* sm - sin — ... sm — . 

n n n 

Hence, it follows that 



n-l 



K^)na-'-r-^)-*^- '-> 



iS6 
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122, To find the value of 



1 



e'"^ cos bx a?**"^ dXy e"^ sin bx x^'^ dx, 

Jo 



Ifin(43),a-6\/ - i be substituted* for s, it becomes 



1 



r(m) 



(a - 6 v^- I )" 



r(m)(fl+6\/-i)"» 



Let a = (a» + J') cos fl, then 6 = («» + J^) sin ; and the 
preceding result becomes 

/•oo 

e^ (cos 6a? + \/ - I sin te) a:"'* (sfe 

Jo 



r(m) 



(a + J») 



(cos + v^ - I sin 0)"* 



= — ^ ^ (cos mO + \/ - I sm w0). 

(a* + 6^)» 

Hence, equating real and imaginary parts, we have 



i; 



e"*^ COS 6a? 0?"*'^ aa: = ^ ^ cos w-*© 



(a« + 6*) 
r(m) 



m 

a 



S (55) 



e'^ sin bx x^'^ dx = 
(a* + 68) 



sin m0 



J 



in which fl = tan" 



■(^)- 



TT 



If we make a = o, becomes -, and these formulae become 

2 



* For a rigid proof of the validity of this transformatioii the student is re- 
ferred to Serrett's Cal. Int., jp. 194. 
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I cos ox x^^ ax- — z — cos — , 
Jo 6"» 2 ' 

>• (s<s) 

Anbxn^^dx a — ^-— sin — . 
Jo i- 2 J 

It may be observed that these latter integrals can be 
arrived at in another manner, as follows. 
From (43) we have 

cos bz {^ 
r (n) — -— = e'*' aj""* cos bz dx. 
^ ^ ^ Jo 

.•. Tin) = \ e'** cos bz s^'^dxdz. 

Jo 'S" J J Q 

But, by (32), we have 

€"" cos bz dz 



b^ + or*' 
f " cos bz dz I f * ir"flfo 



E|N-1 



r (n) WTT 

^ ^ 2 cos — 

2 



in which n must be positive and < i. 
In like manner we find 



> by (27), 



I 



* sin 62 dz 6**** tt 

2 sm — 
2 



The results in (56) follow from these by aid of the relation 
contained in equation (46). 
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EXAMPLSS. 



I. [ ««(l ''S^)PdtB. 



2, 



An.. r(j>.n)r(^] 

-1 a^-1 (i _ y)n-»^ r (m) r («) 

Jo (a + a?)*"** 



a^(i+tf)"»r («• + «)* 



3. Prove that 



J* a?«aa? r ax _ tt 
1 coB(fiz») dz. 



r(»+i)oo8f ^- j 



»» 



*» 



123. Nuinerioal Calculation of Gamma-SSmetieiui. — The fol- 
lowing Table gives the values of log F (p% to six decimal 
places^ for all values ofj9 between i and 2^ (taken to three de- 
cimal places). 

It may be observed that we have F (i) = i, F (2) = i, and 
that for all values of p between i and 2, F (p) is positive and 
less than unity ; and hence the values of log F (p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 



Log r(y) 



p 


o 


1 


2 


3 


4 


"b 


8 


7 


e 


9 


I.OO 




975° 


9^00 


915' 


90DJ 


8755 


%°9 


8263 


"b^ 


7773 




9-997S>9 




7°43 




6560 


6320 




5841 


56°= 


53*5 




iii8 


489! 


4656 


4421 


4'S7 


3953 


37 = ' 


3489 


3=57 


3026 


1.03 


17 9S 


1567 


'338 




.883 


.651 


1430 


120i 


C98, 


°77i 




0533 




00S9 


9868 


964-7 


94'7 


920S 


B989 


B772 


855+ 


'■°S 


9.9883,8 


S122 


79°7 


,692 


747= 


7'°S 


7°S> 


684. 


6629 


64,9 


1.06 






579' 


5583 


';37B 


5 '69 


4963 


4758 


4S53 


4349 


1.07 


41 4J 


3943 


374" 


3539 


3338 


3'3S 


1939 




=54' 


1344 


i.oS 




19J' 


■755 


'56= 


nis 


^.72 


0978 


Q7S6 


?594 


0403 


1.09 


o»ii 


OOIJ 


9S33 9<'m 


94S6 


9269 


9082 


8900 


8710 


8S=5 


i.iO 


9-97K34" 


a'57 


7974 |779' 


76,0 


7+28 


724B 


7068 


6888 


6709 




6i3' 


6354 


6177 




S8'5 


5^5° 


5475 


53°' 




4955 




4733 


46.1 


4441 


427' 


4101 


3931 


3764 


359* 


34=9 


3=62 


'-'3 


3096 


agji 


2,66 


2602 


2438 


1175 


2.13 


'95' 


'79° 


,6,9 


1.14 


1469 


1309 


IIJO 


0992 


°83S 


0677 


0521 


036s 




°<=S5 


t.XJ 


9.969901 


9747 


9594 


9442 


9290 


9'39 


8988 


8B38 


86S8 


8SJ9 




8390 


a '43 


8096 


7949 


780J 


7658 


7S>3 


7369 


7 ==5 


708J 


1.17 


6939 


6797 


S655 


6S'4 


*374 


6234 


6095 


59S7 


iS.E 


5681 


J.l! 


5544 


540B 


5172 


5'37 


5002 


4868 


4734 


460. 


4469 


4337 


■■'9 


4»=i 


4075 


3944 


3S'5 


36S6 


J5S7 


3419 


3302 


J175 


3048 


1.10 


291J 


1797 


2672 


2i48 


1455 


2302 


2179 


J057 


(936 


■ 8ij 




'69J 


1575 


.456 


'337 


r2i9 




0984 


DE67 


°75' 


063 




OJll 


0407 


0J93 


oiBo 


Q067 


9955 


9843 


973= 


9621 


95" 


'.33 


9.9594°' 


9292 


9'S4 


9076 


3968 


i<S6. 


8755 


8649 


8544 


8439 




8335 


8.3' 


S12S 


KaiS 


79^3 


7S2. 




762a 


75'° 


7420 


i''^6 


7121 


7"3 


7 "5 




693° 


6834 


6738 


6642 


6547 


6453 




<ij59 


6267 


6173 


6081 


5989 


5898 


5B07 


57'6 


56=7 


5537 


'-37 


5449 


il6o 


S'73 


S'85 


5099 


5°'3 


49'7 


4B41 


4757 


4673 


1.23 


4589 


4jo6 


4423 


434" 


4259 




4097 




3938 


3«58 


«.39 


3780 


37°' 


3624 


3547 


347° 


3394 


3318 


3=43 


3,68 


3°94 


».3o 


3010 


1947 


2874 


2B0J 


173° 


1659 


255s 


=5'8 


,448 


=379 


'-31 


1310 






2106 


2040 


'973 


rgoj 


.842 




1711 


•■31 


1648 


■585 


15^2 


'459 


'397 


■336 


1=75 




"54 


1094 


f-33 


>OJS 




091S 




0803 


0747 




0634 


°579 




;a4 


0470 


0416 


0362 


0309 


01S7 




°'53 




0051 




^^^ 


9-9499J' 


99D2 


9853 


9S0S 


9757 


97'° 


9663 


96.7 


957' 


95=5 


*-36 


9+80 


9435 


9391 


934* 


93°4 


9162 


9119 


9178 


9'36 


9°95 


'■37 


n^t 


9015 


8915 [ S9J6 


8898 


KS59 


BS22 


8785 


S748 


87" 


•-38 


8640 


slo^liST 


8537 


85°3 


8470 


B437 


B405 


8373 


■-39 


8l4^ 


83'i 


8280; 82JO 


8jii 


8,92 


8.63 


8135 


B.07 


80B0 


'-^ 


SoS3 


8026 


8000 ; 797i 


7950 


79=5 


79°' 


7877 


7854 


783' 


■-4fl 


780a 


77Sfi 


7765^7744 


77»3 


77°3 


7«83 


,S64 


7645 


7616 


'-41 


7608 


7590 


7573 7556 


7540 


7514 


7509 


'■•li 


747 J 


7465 


;-4j 


745" 


7433 


74»i 74' 3 


7401 


73S9 


7378 


,368 


7357 


7348 


-44 


7338 


73=9 


7311 73'= 


7305 


729B 


7=9' 


7284 


7278 


7=73 


'■■»i 


7j6i 


7i63|7>S9 7155 


7=5' 


7248 


7246 




7=42 


7=4' 


.46 


714c 


7239 7»39 7>40 


7240 


7341 


7=43 


7=45 


724! 


72JI 


'•47 


7>54 


7258 7162 7266 


7=7' 


7277 


7282 


7289 


729s 


7 102 


'-48 


711C 


73'7 73^6 7J34 


7143 


7 35 J 


7363 


7373 


73 S4 


7395 


■■49 


74=7 


74'9 T4J' 7444 


7457 


747' 


7485 


7499 


75'4 


75>9 



i6o 








Log r (p) 


). 








P 

2.50 





1 


2 


3 
7594 


4 
7612 


6 


6 


7 
7666 


8 


9^947545 


7561 


75"'7 


7629 


7647 


768 


1. 51 


77^4 


7744 


7764 


7785 


7806 


7828 


7850 


7873 


789! 


1.5a 


7943 


7967 


799' 


8016 


8041 


8067 


8093 


8120 


814 


1.53 


8201 


8229 


8258 


8287 


83'6 


8346 


8376 


8406 


843 


».54 


8500 


8532 


8564 


8597 


8630 


8664 


8698 


8731 


876 


'•^I 


8837 


8873 


8910 


8946 


8983 


9021 


9059 


9097 


9'3 


1.56 


9214 


9»54 


9294 


9334 


9375 


94'7 


9458 


9500 


954 


1.57 


9629 


9672 


9716 


9761 


9806 


9851 


9896 


9942 


998 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 


0422 


047 


1.59 


0573 


0624 


0676 


0728 


0780 


0833 


0886 


0939 


099 


1.60 


1 102 


ii?7 


1212 


1268 


'324 


1380 


1437 


'494 


'55 


1. 61 


1668 


1727 


1786 


'845 


1905 


'965 


2025 


2086 


214 


1.62 


2271 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


278 


1.63 


291 1 


^977 


3043 


3110 


3177 


3244 


3312 


3380 


344 


i«64 


3587 


3656 


3726 


3797 


3867 


3938 


4010 


4081 


415 


'•^1 


4299 


4372 


4446 


45«9 


4594 


4668 


4743 


4819 


489 


1.66 


5047 


5124 


5201 


5278 


5356 


5434 


5513 


5592 


567 


1.67 


5830 


59" 


599' 


6072 


6154 


6235 


6317 


6400 


648 


1.68 


6649 


6733 


6817 


6901 


6986 


7072 


7 '57 


7243 


732 


1.69 


7S03 


7590 


7678 


7766 


7854 


7943 


8032 


8122 


821 


1.70 


8391 


8482 


8573 


8664 


8756 


8848 


8941 


9034 


212 


1. 71 


9314 


9409 


9502 


9598 


9693 


9788 


9884 


9980 


007 


1.72 


9.960271 


0369 


0467 


0565 


0664 


0763 


0862 


0961 


106 


1.73 


1262 


1363 


1464 


1566 


i66g 


1770 


1873 


1976 


207 


1.74 


2287 


2391 


2496 


2601 


2706 


2812 


2918 


3024 


3'3 


1.75 


3345 


3453 


356' 


3669 


3778 


3887 


3996 


4'05 


421 


1.76 


4436 


4547 


4659 


4770 


4882 


4994 


5107 


5220 


533 


1.77 


5561 


5675 


5789 


5904 


6019 


6'35 


6251 


6367 


648 


1.78 


6718 


6835 


6953 


7071 


7189 


7308 


7427 


7547 


766 


1.79 


7907 


8023 


8149 


8270 


8392 


85 '4 


8636 


8759 


888 


1.80 


9129 


9*53 


9377 


950' 


9626 


975' 


9877 


0008 


012 


1. 81 


9-970383 


0509 


0637 


0765 


0893 


I02I 


1 150 


1279 


140 


1.82 


1668 


1798 


1929 


2060 


2191 


2322 


2454 


^586 


271 


1.83 


^985 


3118 


3252 


3386 


3520 


3655 


3790 


3925 


406 


1.84 


4333 


4470 


4606 


4744 


4881 


5019 


5'57 


5295 


543 


1.85 


5712 


5852 


5992 


6132 


6273 


6414 


6555 


6697 


683 


1.86 


7123 


7266 


7408 


7552 


7696 


7840 


7984 


8128 


827 


1.87 


8564 


8710 


8856 


9002 


9149 


9296 


9443 


959' 


973 


1.88 


9.980036 


01X4 


0333 


0483 


0633 


0783 


0933 


1084 


123 


1.89 


1537 


1689 


1841 


'994 


2 '47 


2299 


2453 


2607 


276 


1.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


43' 


1.91 


4^31 


4789 


4947 


5'05 


5264 


5423 


5582 


5742 


590 


1.92 


6223 


6383 


6544 


6706 


6867 


7029 


7192 


7354 


75' 


1.93 


7844 


8007 


8171 


8336 


8500 


8665 


8830 


8996 


916 


1.94 


9494 


9660 


9827 


9995 


0162 


0330 


0498 


0666 


083 


1.95 


9.991173 


'343 


1512 


1683 


'853 


2024 


2 '95 


2366 


253 


1.96 


2881 


3054 


3227 


3399 


3573 


3746 


3920 


4094 


426 


1.97 


4618 


4794 


4969 


514s 


5321 


5498 


5674 


58S' 


602 


1.98 


6384 


6562 


6740 


6919 


7098 


7277 


7457 


7637 


781 


1.99 


8178 


8359 


8540 


8722 


8903 


9085 


9268 


9450 


963 
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Examples. 

1'« <te f* die ^ K V 

«« + »» Jo «' + a:^ 4^ ^a 

^^,j>.^^ > a: -*« being positive. „ 

3. Prove that 

f * <to _ ^ , ,^ . 

J^ air^bd^tcx^^'^^* where A = 2 (v/^+ d). 

I -^ COS COS »* " sin 0* 



^ Jo i + cosj 



f2r 9r 



cos a; " 2 sin 9' 



Jo a«sin?iP + d» 



cos'aj' " 2ab' 



'■i 



dx ir (a» + *') 



(a» sin^a? + i» cos»!f)«' '* 4as i» 

« f« ^ », w» I 

*• I v^a»-ajacos-i-«^- »» T ^ 4 

7= *>*• »» . 

_i (a - 6aj) >/i - «' -v/a* - *« 



r 



y(«-a)08-«) 



ov ., . f*sinfla:cos3aJ _ ^^ ,. » ^ 

12. Show that <fe = — or o, according as a > or < i ; and 

Jo » 2 

that when a = 6 the value of the integral is — . 

4 

M 
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13. — , 00 < I. Ans. — r loff ( ;=^ • 

w 

14. I tan^xdx. ,, i (log 2 -I). 

f* sinar^fa; tt i 

— —* „ - + tan-' 

1 + 



cos^o: 4 ^^* 



16. If every infinitesimal element of the side e of any triangle be divided 
by its distance from the opposite angle (7, and the sum taken, show that its 
value is 



log 



I cot— cot — j. 



17. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of its distance from the vertex be constant, show 
tliat the locus of the verlex is an ellipse. 

w 

^ coB^O Bind d9 ^ i tan-i* 

Ans, — — 



f* cos^t 

18. 

Jo 1 + 



gt COS«0 g« g3 



IT 

'« cos'0 sin 9 dB (i+«»)tan-*^ i 



/•» co8"a Bin V au 

[9. y =' 

Jo v^i+^cob*0 



» 5 — - 



20. Deduce the expansions for sin x and cos x from Bernoulli's series. 

21. Show that the integral 



st^ (log x)^ dx 



can be immediately evaluated by the method of Art. 109, when m is an integer. 
tan"» (ax) dx * at 



00 
22. 



)'^ lan ^[jax) ax ' at 

, ;»(.+»') - ^«.-l0g(,+«> 

23. Find the value of 

I log(i - 2a cos iP+ a») dXf 

JO 

distinguishing bet'Ween the cases where a is >, or < i. 

Ans. a < I, its value is o. 
„ a > I, its value is 2 log a. 
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24. If f(x) can be expanded in a seriee of the fonn 

00 + ^1 COex + OsCOS 29!+ . . • +aAC08 9»B+* • . « 

show that any coefficient after Aq can be exhibited in the form of a definite 
integral 

Ans, fl» = - \ f ix) <ia& nx dx. 



=ii:^(^> 



25. Find the analogous theorem when f(x) can be expanded in a series of 
sines of multiples of x ; and apply the method to prove the relation 



(sin 2s sin 3x ^ \ 
sm « + — - &c. ], 



when X lies between ± tt, 

26. Froye the identical relation 

w 

r» d9 



r^OB ri 

Jo^/smd Jo 

27. Express the definite integral 



i; 



09 



'o>/i-jc»8in«d 
in the form of a series, k being < i. 

w 

28. I -2-i ^ — . Am. a» '. 

Jo cos* 2\4 y 

xe-'*»embxdXy where a > o. „ ~ — ^r^. 
f * tan-i aa? tan-^ (Bx . ir . r(a -4- i3)«+^l 



12 
log(a"cos»d + i8*8in«e)(?0. „ wlog 





a + i3 



32. log I r-r-5 I -r-5, a > *. „ w sm-J I - I 

Jo \» - i sinOy sm0 \a/ 



M 2 
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dx 



33. — 



( I - ««)* 
dx 



34. f J. 

Jo (i - xT 

f «" COS ra: dx 

35. . 

Jo I -2a cos a; + a» 

36. Find the sum of the series 



Am. 


• 

3 




77 


V 


« 8111 — 




n 




va^ 


>t 


I-O"' 



» n M n 

+ -s :; + -: 1 + . . . + 



«« + i« w* ^ 2* w* + 3* 2«« 

when 9» is increased indefinitely. 

This is evidently represented by the definite integral 



1, 



» dx ic 

or = — . 



lo I + a?« 4 

37. Find the limit of the sum 



I I I 

+ s +— == + . . .+ 



when « = 00, ^»w. — . 

2 

38. Prove that 

- » 

/•• _ m (m - i) f 8 

I cos*"ar cos ««;«» = — ^ I co8"»-*ajcosfM?diB; 

Jo w»-n« Jo 

and hence, deduce the values of the integrals 

I C08^«jr cos (in + i) a; eto, and f cos^w^^ x cos 2w« dx^ 
when m and n are integers. 

log (i — la cos + »*)cos f>0 (W, when «* < i. „ 

2 n 



'0 

„ I. 



COS — dx, 

.00 2 



CHAPTER VII. 



Aruas of Plane Curves. 



124. Atmw i^ Curve*. — ^The simplest method of regarding 
the area of a curve is by supposing it referred to rectiingular 
axes of co-ordinates ; then, the area included between the 
curve, the axis o?x, and two ordiriatea corresponding to the 
values xa and Xi ode, is represented by the defioite integral 



1^ y«Sr. 



For, lot the area in question be represented by the apace 
ABVT, and suppose iFdividcd 
into n equal intervals, and the cor- 
responding ordinates drawn, as in 
the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq. 

Hence the entire a^aa ABVT 
is leas than the sum of'the rectangles - 
represented by ^jjUTVQ, and greater 
than the sura of the rectangles PMNq; but the difference 
between these latter sums is the sum of the rectangles Pp Qq, 
or (since the rectangles have equal bases) the rectangle under 
MN and the difference between TV and AB. Now, by sup- 
posing the number n increased indefinitely, MN can be made 
indefinitely small, and hence the rectangle J/iVf/T- .-fB) 
also becomes infinitely small Consequently the difference 
between the area ABVT and the sum of the rectannles 
PMNq becomes evanescent at the same time. 
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If now the co-ordinates of P be denoted by x and y, and 
MN by Ao?, it follows that the area AB FT is the limiting 
value* of S (y Aar), when the increment A^ becomes infinitely 
small. 

Or area ABVT = \ ydx\ where iPi= OV,x^^ OB. 

It should be observed that this result requires that y 
continues finite, and of the same sign, between the limits of 



integration. 



if y change its sign between the limits, i. e. if the curve 
cut the axis of re, the preceding definite integral represents 
the difference of the areas at opposite sides of Sie axis of ^. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 



smoi 



\ ydx 



where w represents the angle between the axes. 

In applying these formulae the value of y is found in terms 
of a? by means of the equation of the curve: thus, i£y = f{x) 
be this equation, the area is represented by 



I 



f{x)dx 



taken between suitable limits. 

Conversely the value of any definite integral, such as 

•ft 
Ax)dx 



i 



* This demonstration is substantially that given hy Newton ; (see Principia, 
lib. I. sect. I. Lemma 2) ; and is the geometrical representation of the result 
established in Art 86. 

The modification in the proof when the elements of BVare considei^ un- 
equal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Dif. Cal. 



The Circle. 



167 



may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

Again, it is plain that the area between the curve, the axis 
of y, and two ordinates*to that axis, is represented by 



1 



xdy, 



taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining areas 
by a few applications, commencing with the simplest ex- 
amples. 

125. The Cirde. — Taking the equation of a circle in the 
form 



aJ* + y^ = a\ we get y = ^a" - ar», 
and the area is represented by 



1 




taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE in 
the accompanying figure. Let ;«; = a cos 61, then the area 
in question is plainly represented by 

a^ sin'OdO = —{a- sinacos a); where a = lDCA. 
Jo 2 

This result is also evident from geometry ; for, the area 
DPAE is the dijfference between DCAP and DCE^ or is 

ci'a aHin. a cos a 



The area of the quadrant ACB is got by making o = - ; 



ira* 



and accordmgly is — : Jience, the entire area of the circle is 

4 
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1 26. The BUipse. — From the equation of the ellipse 

and the element of area is 



~ \/a^ - a^dx, 

but this is - times the area of the corresponding element of 
the circle whose radius is a : consequently the area of any por- 
tion of the ellipse is - times that of the corresponding part of 

the circle. This is also evident from geometry. 

The area of the entire ellipse is -jrab. 

Again, if the equation of an ellipse be given in the form 
Aa^ + By^ = Cy its area is evidently 



TT 



c 



Vab 



As an application of oblique axes, let it be proposed 
to find the area of the segment of 
an ellipse cut off by any chord 
DD\ 

Draw the diameter^^',c6nju- 
gate to the chord, and J5-6' parallel 
to it. Then, C being the centre, 
let 

CA' = a\ CB' = b\ ACB' = w, 
and the equation of the ellipse is -— + -7- = 1 ; hence the area 
DA'D' is represented by 




CCA' 



CM 

CE 

where ccsa = YTJr 
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Again, a' V sin oi = aft, by an elementary property of the 
ellipse, a and b being the semiaxes. 

Henoe the area of the segment in question is 

db (o - sin a cos o). 

This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

127. The Parabola. — ^Taking the equa- 
tion of the parabola in the form 

y^ = 4p;r, we get y = 2vpx. 
Bence the area of the portion APIfia 



ip^ x^dxy or - pix^y i.e. - ay. 




Consequently, the area of the segment 
*-4P' cut off by a chord perpendicular to 
le axis, is | of the rectangle PMM'P'. 

It is easily seen that a similar relation holds for the segment 
ut off by any chord. 

More generally, let the equation of the curve be y = ax^, 
''here n is positive. 



Here 



ydw = a oj" 



dx = + const. 

71+ I 



If the area be counted from the origin, the constant va- 
nishes, and the expression for the area becomes 



ax 



in4i 



71+1 



or 



xy 



/i+ I 



Hence, the area is in a constant ratio to the rectangle 
inder the co-ordinates. A corresponding result holds Tor 
•blique axes. The discussion when n is negative is left to the 
tudent. 

128. The Hsrperbola. — I'hc simplest form of the equation 
f an hyperbola is where the asymptotes are taken for co- 
rdinate axes : in this case its equation is of the form xy = c*. 



lyo 



Areas of Plane Curves. 



Hence, denoting the angle between the asymptotes by w, 
the area between the curve and the asymptote is denoted by 

dx 



c'sm to 



j^,orc'siao,log(|), 



where Xi and Xq are the abscissae of the limiting points. 
If the curve be referred to its axes, its equation is 






and the element of area ydx, becomes 



- /a;* - a" dx. 
a 



Hence the area is represented by 



b{ / 

- V x^ - a* dx, 
a J 

taken between proper limits. 
Again, J v/^TI^^^^J 




^ 



x^dx c 

. - iC' I 

x^ - a' J 



dx 



\/x^ - tt» 



Also, integrating by parts, we have 

/• — ^^— ^— — ^^-^_ ■* J** dx 
\/x^-a''dx== X y/x^-a^ - I , 

Adding, and dividing by 2, we get 

X Vx^ - a^ a^ c dx 



vx'^ - a' dx = 



a* r ilx 



X v.r- — a- 



(V 



log(.r f \/x--a-). 
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Accordingly, if we suppose the area counted from the 
immit Aj we nave 

^if 4 . V^rz. - ^ log C-i^i"') 



Again, since the triangle CPN = J xy^ it follows that 



sector 4CP = — log (- + |)- 



(0 



129. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points, the 
curve which it assumes is called the catenary. 

Its equation is easily shown 
rom mechanical considerations, ^H 
^hen reduced to its simplest form, * 
3 be 



y 



a ( ^ 



+ ^5 




The shape of the curve is ex- _ 
ibited in the accompanying figure, 
^ which the distance from the origin to the lowest point 

of the curve is equal to a. 
The area of any portion VPNO is 



a [^ ( ^ 



X 



+ e "^Idx 



— [ e« - e « 



a(y'-a')h. 



(2) 
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Examples. 

1. In the equilateral hyperbola, a;* — y' = i, if double the sectorial are« 
-4 C!P (figure of Art 128), be denoted by Sy prove that 

e^ + e-s e^-e-^ 

These may be written in another form, viz. : — 

X = C08 {S }/ - i), y = sin(iS\/-- 1). 

These functions are called the hyperbolic sine and cosine of 8^ and have many 
analogies to ordinary sines and cosines. 

2. To find the area of the oval of the parabola of the third degree, with a. 

double point, 

(jy« = (iC - a) (as — 6)«. 

The area in question is represented by 



2 Cb , 




Let X — a = z^f and we easily find for the area* 

8 (^ - a)i 

3. Find the whole area of the curve 

a2ys = ar3 (2a - x). Ans, wa*. 

4. Find the whole area between the cissoid 

«3 = 3^2 (« - *) 
and its asymptote. 

Since :?. - a = o is the equation of the asymptote, the area in question is 
represented by . 



I 



^ x^dx 
(ci — X)* 



♦ The student will find little difficulty in proving that this ai-ea ia^^-^ 

times the rectangle which circumscribes the oval, having its sides parallel to^he 
CO- ordinate axes. 
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Let « = a sin^O, and this becomes 



ifl" 



fsin* 




QdB: 



lience the area in question is | iraS. 

5. Find the area of the loop of the curve 

This curve has been considered in Art. 255, Dif. 
€al. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 



~T I x^ \/h-\-xdx. 



Let h-^ X — t\ and it is easily seen that the area 
in question is represented by 




Ans, ^irt^. 



3 . 5 . 7 . «' 
6. Find the area between the witch of Agnesi 

fljyt :s 4^2 ^2a — x) 
^d its asymptote. 

130. In finding the whole area of a closed curve, such as 
that represented in the figure, we 
suppose lines, PJfef, QN^ &c., drawn 
parallel to the axis of y, and, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = ^2* P'M = yi, the 
elementary area PQQ'P is repre- 
sented by (ya - 2/1) d^i and the en- 
tire* area by 

*0B 




vn 



JOB 



d/2 - yi) dx ; 



in which OJB, OB^ are the limiting values of x. 

For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

aoi^ + 2hxy + by^ + 2gx + zfy + c = o. 



* This form still holds when the axis of x intersects the curve, for the ordi- 
nates below that axis have a negative sign, and (^2 — ^1) dx will still represent 
the element of the area between two parallel ordinates. 
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Here, solving for y, we easily find 

^2 - 2^1 = J V(h^ - ab) a:* + 2 (A/- hg) x^p- be. 

Also, the limiting values of x are the roots of the quadratic 
expression under the radical sign. 

Accordingly, denoting these roots by a and j3, and observ- 
ing that A* - ah is negative for an ellipse, the entire area is 
represented by 

^7 1 \/(x - a) (j3 - x) dx. 

Ja 

To find this, assume x - a = (j3 - o) sin*©, 
then j3 - ^ = (jS - o) cos*e, and we get 

f t/(iF-a)(/3-a:)<fo = 2O - o)» J* sin'O cof?BM 

Again (^-«V = 4. (aft _ A*). 

_ Ab {af^ + ^ff' + ch^ - V&A - abe) 

Hence the area of the ellipse is represented by 

TT {ap + bg^ + ch^ - ofgh - aSc) 
(ab - A«)i * 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse, in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a point round its en- 
tire perimeter, the whole inclosed area is represented by \ydxy 
taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to 
A' along the upper portion of the curve, the corresponding 
part of the integral | ydx represents the area APA^B^B. 
Again, in returning from A' to A along the lower part of the 
curve, the increment dx is negative, and the corresponding 
part of J ydx is also negative (assuming that the curve does 
not intersect the axis oix) and represents the 2iTQ^A'P'ABB\ 
taken with a negative sign. Consequently the whole area 
of the closed curve is represented by the integral J ydx^ taken 
for all points on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity the preceding result may be stated as 
follows : — The area of any closed curve is represented by 



1 



dx , 



taken through the entire perimeter of the curve, the element of 
the curve being regarded as positive throughout 

131. In many case^, instead of determining y in terms of 
Xf we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make a? = a sin 0, we get 
y = b cos ^, and ydx becomes ab cos'*^ c?^, the integral of 
which gives the same result as before. 

In like manner, to find the area of the curve 



^)'4h 



let x = a sin'^, then y = b cos'*^, and ydx becomes 

^ab sin^^ cos^^ d<j> : 
hence, the entire area of the curve is represented by 



1 2ab sin*^ cos*^ ^^ = o '''^^• 
Jo o 
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Examples. 
I . Find tho whole area of the evolute of the ellipse 









= I. 




Jns. 


3x (a« - i2)» 
Sab 


2. 


Find the whole 


area of the curve 

{T Hi 


T - •■ 












Ant. ' • 3 • 5 . . . 


(2m + l) . I 


•3 


•5-. 


. (2n + I) 






2.4.6 


• • . • 


• 


. 2(m + « + i)"'' 



132. The Cycloid. — In the cycloid, we have (Dif. Cal., 
Art. 263), 

x = a (fi - 8mO)y y = a {i - cos 0), 

.-. f ytfe = aM (i - cos BY de = 4a^ f sm^^-dO. 

Taking between o and tt, we get 37ra' for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical proof, as follows : — 



B 



^^ / M 


"""nT^^^-vj' 


y^ 1 ^ 


I v. 


/ V N' 


i V 


/ \^ M 


^ \ 



K 



It is obviously suflScient to find the area between the semi- 
circle BFB and the semi-cycloid BpA, To determine this, 
let points P and P' be taken on the semicircle such that arc 
BP = arc DP' : draw MPp and JlfP^jt?' perpendicular to 5D. 
Take MN and M'N' of equal length, and draw Nq and ilP?'» 
also perpendicular to Bi)\ then, by the fundamental pro- 
perty of the cycloid, the line Pp = arc jBP, and P^p^ = BicBP 

.\ Pp + P'p' = semicircle = tta. 
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Now, if the Interval MN be regarded as indefinitely small, 
the sum of the elementary areas PpqQ and P'p'q'Q! is equal 
to the rectangle under MN and the sum of Pp and P'p\ or to 
va X MN. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to ira multiplied by the sum of 
the elements MN^ taken from B to the centre (7, i. e. equal to 

Consequently the whole area of the cycloid is 37ra^, as 
before. 

ITie area of a prolate or curtate cycloid can be obtained 
in like manner. 

133. Areas in Polar Coordinates. — Suppose the curve ^PB 
to be referred to polar co-ordinates, being the pole, and let 
OP^ OQy OR represent consecutive radii vectores, and PL, 
QM, arcs of circles described with as centre. Then the 
area OPQ = OPL + PLQ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and Q 
are infinitely near points ; conse- 
quently the elementary area OPQ 

r^dO 
= area OPL (in the limit) = ; 

r and 61 being the polar co-ordi- 
nates of P. 

Hence the sectorial area AOB 
is represented by 

h\^r^dB, 

where a and /3 are the values of 6 corresponding to the limit- 
ing points A and B. 

For example, let it be proposed to find the area of the 
locus of the foot of the perpendicular from the centre on a 
tangent to an ellipse. 

Writing the equation of the ellipse in the form — + — » i, 

the equation of the locus in question is obviously 

r' = a^ cos'fl + b^ sin^O : 

N 
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Hence its area is 



^ cos^Oeffl + - I sin^flt/fl = 1 + ^ ^ sin cos B, 

2 J 2 J 4 4 

The entire area of the locus is 

- {a^ + 60- 
2 

The equation of the corresponding locus for the hyper- 
bola is 

r' = a'' cos^fl - h^ sin'^e. 

In finding its area, since r must be real, we must have 
a' co^^Q - h^ sin'-^O positive : accordingly, the limits for Q areo 

and tan"^ — . 
b 

Integrating between these limits, and multiplying by four, 

we get for the entire area 

ah + (a* - 6») tan"* ^. 

In this case, if we had at once integrated between = o 

and Q = 27r, we should have found for the area (a* - 6*) — . This 

2 

iinoraaly would arise from our havinor integrated through 
an interval for which r^ is negative, and for which, therefore, 
tlie corresponding part of the curve is imaginary. 



Examples. 

I . Show that the entire area of the Lemniscate , 

I* = a' cos 26 
is a\ 
. 2, In the hyperholic spiral 

r9 = a, 

prove that the area bounded by any two radii vectores is proportional to the dif- 
ference between their lengths. 

3. Pind the area of the loop of the Folium of Descartes, whose equation i« 
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Transforming to polar co-ordinates we have 

3a cos 9 sin 9 
sin'd + cos»0' 



r = 



Vi 

Again, the limiting values of 9 are o and -, 



_ 9«a f 2 8iu*0co8^9rfg 
.-. Area - —J ^ (g^^s^ ^. eos'(^)« ' 



Let tan = », and this expression becomes 

2 Jo (I +tty'" » * 

4. To find the area of the Lima(;on 

r = a cos + 3. 

Here we must distinguish between two cases. 

(i). Ijet b>a. In this case the curve consists of one loop, and its area is 

When i = <i, the curve becomes a Cardioid, and the area 

(2). Let b<a. The curve in this case 
has two loops, as in the figure (pee Dif. 
Cal., Art. 27 3), the outer loop correspond- 
ing to r = tf cos 9 + b, the inner to 
r = tf cos 9 — b. 

To find the area of the inner loop, we 
take 9 between the limits o and a, where 



Zva^ 



a - cos 



-\^\- 



and the entire area is 



{a cos 9 - *)» d9 



= [^ («« cos^e - lab cos 9 + A«) d9 




la* \ a* 
= 1 — + i* ] a + — sin a cos a — tab sin a 

\2 y 2 

- (7 ^ ^]cos-i - - - *a/«' - *'• 

It is easily seen that the sum of the areas of the two luops is obtained by in- 
tegrating between the limits o and itt, and accordingly is 



as in the former case. 



It-)- 



N 2 



i8o 
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134. In finding' the whole area of a closed curve by polar 
co-ordinates we distinguish between two cases. When the 
origin is outside, we suppose tangents 01] 0T\ drawn 
from 0, and vectors OF, OQ, &c., 
drawn to cut the curve ; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQsind pOq; or in the 
limit, is ^ (ri* - rz^) dO, where 
OP = r,, Op = 7-2. 

Hence, the expression 

taken between the limits corres- 
ponding to the tangents OT and OP, represents the entire 
mcluded area. 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by ^ j(ri* + Ti^) dd, taken between the limits 
= 0, and = TT. 

We shall illustrate these results by applying thena to the 
circle 

r* - 2rc cos fl + /?* = a^. 

If the origin be outside, we have c>a, and ri + r2 = 2c cos fl, 
and rir, = c* - a', .*. r, - r2 - 2 \/a^ - c^ sin^fl. 

Hence (n' - r^') dO =40 cos 0\/a^- c* sin^fl dO ; and the limit- 

ing values of are ± sin"* -. 

Hence the whole area is 



sin a 



2C 



J -sin" ? 



cos v/a» - c^ sin ^0 d0. 



Let c sin = a sin 0, and this integral transforms into 



2a' cos *0 d0 = 7ra*. 
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Again, if the origin be inside, we have c < a, and 

J (ri* + rg*) = a'^ + c^ cos 20, 

••• i [ W + rj") dO = f (a» + c* cos 20) 6/0 = Tra\ 
JO Jo 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us consider the case of the spiral of Archi- 
medes. 

' 135. The Spiral of Archimedes. — The equation of this 
curve is r = a0, and 
its form, for posi- ^^^n\ 

tive values of 0, is re- 
presented in the ac- 
companying figure, 
in. which O is the 

!)ole and OA the 
ine from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q, /?,&c., 
then, if OP = r, and 
POA = 0, we have, 
from the equation 
of the curve, 

OP = ad, OQ = a(0 4-27r), Oif=a(0+ 47r), &c. 

Hence, PQ = QR = &c., = 2a7r = c (suppose) ; i. e. the in- 
tercepts between any two consecutive branches of the spiral 
are or constant length. 

Again, let OQ = r\^ OR = r<i = r, + c, and the area between, 
the two corresponding branches is , 

i [w - n') rf0^= f^i d0 + - [e?0. 

Now, suppose MN and mn represent the limiting lines, and 
let )3 and a be the corresponding values of ; then the area 
nNMm will be equal to 
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{'a0de-¥-{ ^l9--(j3-o)(aa + aj3 + c) 

J u * J a * 



-(/3-a) (0M+ On). 



(3) 



If /3 - CI = TT, this gives for the area of the portion be- 
tween two consecutive branches Q^^Q^ and RF^R\ inter- 
cepted by any right line RR^ drawn through the pole, 



TT 



-RQ,QR\ i. e. half the area of the ellipse whose semi-axes 

are RQ and R'Q. 

136. The formula in Article 134 still holds obviously 
when AB and ab represent portions of diflFerent curves. 

It is also easily seen, as in (130), that if a point be sup- 
posed to move round any closed boundary, the included area 
is in all cases represented by ^ f r* dO, taken round the entire 
boundary, whatever be its form ; the elementary angle dO 
being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the rela- 
tions X °^ r cos 0, y = r sin 0, we get 

dO xd(/ - ydx 



tan e = •^, .-. „ 

X. cos ^d 



a^ 



Hence 



r' dB = xdy - ydx ; 

and the area swept out by the radius vector is represented by 
the integral 

i \Mdy - ydr), 

taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

137. Area of Elliptic Sector. lAambert's Theorem. — It is 

of importance in Astronomy to 
be able to express the area AFP 
swept out by the focal radius 
vector of an ellipse. This can 
be arrived at by integration from 
the polar equation of the curve ; 
it is, however, more easily ob- ^1 
tained geometrically. 

For, if the ordinate PiV be produced to meet the auxi- 
liary oircle in Q, we have 




N A 



Lamberfs Tlieorem. 
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area AFP d ^ area AFQ - - \ACQ - CFQ) 

a a 



ah 



(u - e sin «), 



(4) 



where w = z ACQ, 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For, let QFP represent the 
sector, and let FP ^ p, FQ = p^, 
PQ = c ; then, denoting by u 
and u' the eccentric angles cor- 
responding to -P and Q, the area 
of the sector QFP^ by (4), is a' 
represented by 

ah 




P M N A 



"^ ( / / • • / I 

— {I* - tt' - 6 (sm u - sin w) . 

2 ( ') 



We proceed to show that this result can be written in the 
form 

— (0- !/>'- (sin0 - sin0')j, C5) 

where <p and ^' are given by the equations 



• ^ , p -^ f> + C . (li' . lo -r p^ - 

Sin - = ij- , sin - = i /" . 

2 ^\ a 2 ^\ a 

!For, assume that and ^^ are determined by the equations 
w - w' = ~ 0', e (sin u - sin w^) = sin ^ - sin 0^ (a) 



The latter gives 



e sm 



cos 



- = sm 



Cos 



(/> + 0' 



or 



cos = cos ~ . 



2 
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Again, since the co-ordinates of P and Q are a cos w, 
b sin u, and a cos u\ b sin u\ respectively, we have 

6-2 = a^ (cos w - cos u^y + J'* (sin u - sin w')' 

, u -u'l ^ , ,.u + u' ,, os'* w + M^' 

= 4 sin* a' sm'' + 6* c 

2 \ 2 

= 4a'' sin* I I - e* cos* 



jin* I - 

2 V 



= 4a^ sm* — sin* — ; 

2 2 

. (h - (h , th ■\- th 
.*. c = 2a sm ^- — ^ sin — = a (cos <p^ - cos 0). (b) 

Again, from the ellipse, we have 

p = a ( I - e cos m), p' = a ( i - e cos w'), 

, ,^ u + u' u-u' 

,\p + P = 2a-ae (cos w + cos w) = 2a - 20^ cos cos 

2 2 

+ 0"~0' y /x/x 

= 2a - 2« cos ^^ ^ cos -^- ^ = 2a-a (cos + cos 0'). (c) 

Hence, adding and subtracting (6) and (c), we get 

p + p^ + C . . .„<A 

^^ =^ =2(1- cos 6) =4 sin* — 

a ^ ^^ 2 

^- — ?- = 2(1- COS 0') = 4 sin* — , 

which proves the theorem in question. 

Consequently, the area* of any focal sector of an ellipse 
can be expressed in terms of the focal distances of its extremities, 
of the chord which joins them, and of the axes of the curve. 

♦ Thip remarkable result is an extension, by Lambert, of the corresponding 
formula for a parabola given by Euler in Miscell. Berolin. T. vii., p. 20. It 
furnishes an expression for the time of describing any arc of a planet's orbit, in 
terms of its chord, the distances of its extremities from the sun, and the major 
axis of the orbit; neglecting the disturbing action of the other bodies of thf 
solar system. 
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138. We uexX proceed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the equation 

is ab times the area of the corresponding portion of the curve 

F{x, y) = c. 

This result is obvious, for the former equation is trans- 

formed into the latter, by the assumption - = a?', - = y' ; and 

a b 

hence, ydx becomes aby'dx' \ 

.'. \ydx - ab\y'dx\ 

the integrals being taken through corresponding limits ; a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse — + — = i 
reduces to that of the circle ; and the area of the hyperbola 

x^ y"^ 
a^~ b^^^ 

to that of the equilateral hyperbola re' - 1/' = i . 

Again, let it be proposed to find the area of the curve 

'x" y^Y _^x^ y^ 
The transformed equation is 

or, in polar co-ordinates, 



fl'cos^fl J'sin^fl 



r^ = ; 1- 



P m^ 



But the whole area of this (Art. i'io)is-( — -f — j 



1 86 



Areas of Plane Curves, 



Consequently the whole area of the proposed is 
It may be remarked that the equations 



— ab 

2 



represent similar curves ; and their corresponding linear di- 
mensions are as a : i ; consequently the areas of similar curves 
are as the squares of their dimensions. 

139. Area of a Pedal Curve. — If from any point perpen- 
diculars be drawn to the tangents to any curve, the locus of 
their feet is a new curve, called the pedal of the original 
(Dif. Cal. Art. 183). 

If JO and u) be the polar co-or- 
dinates of N the foot of the per- 
pendicular from the origin 0, then 
the polar element of area of the lo- 

cus described by iV^ is plainly^- — , 

and the sectorial area of any por- 
tion is accordingly 

taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let Si denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the tveo 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN^ in the figure. 

xdence 

S, = 8+ -LNTN' = 8 + ^IPIT' du,. (6) 

Again, by the preceding, 

Sx --hlOm dm. 

Accordingly, by addition, 

2-S, = S + iJ'OPV(o. (7) 
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It is easily seen that equation (6) admits of being stated 
ihei'wise, viz. : — 

The whole area of the pedal of any closed curve is equal to 
e sum of the areas of the curve and of the pedal of its evolute : 
)th pedals having the same origin. 

For, PiV is equal in length to the perpendicular from 
1 the normal at F\ and hence ^PN^dto represents the ele- 
ent of area of the locus described by the foot of this perpen- 
cular, i. e. of the pedal of the evolute of the original curve. 

For example, it follows from Art. 133 that the area of 



TT 



le pedal of the evolute of an ellipse is - (a - by, the centre 

sing origin. 

140. Area of Pedal of Sllipse for any Origin. — Suppose 
^ to be the pedal origin, and 
^Jtf, OM' perpendiculars on 
vo parallel tangents to the 
llipse, draw GN the perpendi- 
ular from (7, let OM = jt)i, 
m' = p2, CN = p, OC ^ c, 
OCA^aylACN^ui', then 



Pi=MD- OD^^p- ccos(w-a), 
P2^p -^ ccos (w-a). 

Again, the whole area of the pedal is 

Cn [V 

2 (Pi' + P2^) d<D - (/ 4 c« cos^ (u)- a)\du} 

Jo Jo 

« J p^du) + c^ \ cos^ (o) - a) rfw = - (a2 + ft'* + c'). (8) 




That is, the area of the pedal with respect to as origin 
:ceeds the area of its pedal with respect to C by half the 
ea of the circle whose radius is OC* 
If the origin lie outside the ellipse, the pedal consists 
two loops intersecting at and lying one inside the 
her ; and in that case the expression in (8) represents the 
m of the areas of the two loops, as can be easily seen. 
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The result established above is a particnlar case of a 
general theorem of Steiner, which we next proceed to con- 
sider. 

141. Suppose A to be the whole area of the pedal of any 
closed curve with respect to any internal origin O, and A' 
the area with respect to another origin 0' ; then, if jt? andjo' 
be the lengths of the perpendiculars from and 0' on a 
tangent to the curve, we have 

faw /•2ir 

Also, adopting the notation of the last article, 

p^ =p ~ c cos {(o - a) = p-x cos cu - y sin 01 ; 

where x, y represent the co-ordinates of 0' with respect t^ 
rectangular axes drawn through 0, Hence we get 

A' -A=\\ {X cos (II + y sin ru)* dt») 

- X \ p COS w c?ci> - y p sin oi dai. 

pw fair p^ 

But cos^(i> db) - IT, I sin ^u) dm = ttA sin ai cos w rf/W = o- 



/•2ir /•2ir 

Also, for a given curve, jo cos to du) and j9 sin w 



filo) 



are constants when is given. Denoting their values by J 
and A, we have 

A^-A=^(x^^y^)-gx-hi/. (9) 

This equation shows that if be fixed, the locus of th^ 
origin 0^ for which the area of the pedal of a closed area 1^ 
constant, is a circle.* The centre of this circle is the same 



♦ It can be seen, without difficulty, from the demonstration given above, 
that when the curve is not closed the locus of the origin for pedals of equal area 
is an ellipse. 
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hatever be the given area, and all the circles got by varying 
le pedal area are concentric. 

If the origin be supposed taken at the centre of this 
ircle, the constants g and h will disappear, and, in this case, 
le pedal area is a minimum, and the difference between the 
reas of the pedals is equal to half the area of the circle whose 
idius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
edal of a circle is the circle itself For any other origin the 
edal is a limacon ; hence the whole area of a limacon is 

a^ + — j, as found in Art. 133, Ex. 4. 

142. Areas of Roulettes. — ^The connexion between the 
reas of roulettes and of pedals is contained in a very elegant 
heorem,* also due to Steiner, which may be stated as fol- 
Dws: — 

Where a closed curve rolls on a right line, the area be- 
ween the right line and the roulette generated in a complete 
evolution by any point invariably connected with the rolling 
urve is double the area of the pedal of the rolling curve, 
bis pedal being taken with respect to the generating point 
s origin. 

To prove this, suppose to be the describing point in any 




osition of the rolling curve, and P the corresponding point 
r contact, let 0' represent an infinitely near position of the 



♦ See Crelle's Journal, Vol. xxi. The corresponding theorem of Steiner 
nnecting the lengths of roulettes and pedals will he given in the next chapter. 

By the area of a roulette we understand the area between the roulette, 
e fixed line, and the normals drawn at the extremities of the roulette. 
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describing point, Q! the corresponding point of contact, and Q 
a point on the curve such that PQ = PQ' ; then Q is the point 
which coincides with Qf in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by fl?ui, we have OPO' = dw^ 
since we may regard the curve as turning round P at the in- 
stant (Dif. Cal., Art. 268). 

Moreover, QQf ultimately is infinitely small in comparison 
with QPy and consequently the elementary area OPQ'O' is 
ultimately the sum of the areas POO' and QO'P^ neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP = r, we have POO' = — ^, and area QOP 

= QOP in the limit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area {S) of the rolling curve Conse- 
quently, the entire area of the roulette described by is 

5 + i JrVw. 

But we have already seen (7) that this is double the area of 
the pedal of the curve with respect to the point O ; which 
establishes our proposition. 

Again, from Art. 141, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the ra- 
dius of the circle and its circumference ; i. e. is 27ra', denoting 
the radius by a. 

Consequently, for a point on the circumference, the area 
generated is 2^0^ + Tra\ or 37ra« ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
dinary cycloid is the same as that of a cardioid ; and the area 
of a prolate or curtate cycloid the same as that of a lima9on. 



Areas of Roulettes, 191 

Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focus 
18 the circle described on its axis major. Hence, if an ellipse 
roll upon aright line, the area of the roulette described by its 
focus in a complete revolution is double the area of the 
auxiliary circle. Also the area of the roulette described by 
the centre of the ellipse is equal to the sum of the circles de- 
scribed on the axes of the ellipse as diameters, and is les.s than 
the area of the roulette described by any other point. 

143. If the curve, instead of rolling on a right line, roll 
on another curve, it is easily s«en that the method of proof 
given in the last article still holds ; provided we take, instead 
of dto, the sum of the angles of contingence of the two curves 
at the point P. 

Hence the element of area OPP' is in this case 

where p and p' are the radii of curvature at P/ of the rolling 
and fixed curves, respectively. 

Hence, it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution is represented by 



S+i 



V 9'J 



If a closed curve roll on a curve identical with itself, 
having corresponding points always in contact, the formula 
for the area generated becomes 

In this case, the area generated is four times that of the 
corresponding pedal; a result which can also be shown im- 
i^ediately geometrically by drawing a figure. 
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Examples. 



I . If id be the area of a loop of the curve r^ j= a^ cos mP, and A\ the area 
of its pedal with respect to the polar origin, prove that 



A^ 



=(■*-)- 



For, it is easily seen that the angle between the radius vector and the per- 
pendicular on the tangent is m9 ; and .*. w = (w + i) 0. 
Hence, by Art 139, 

2^1 = ^ + ^^' Ir'idQ = (m + 2) A, 

2. If a circle of radius b roll on a circle of radius a, and HA denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if ^' be the area of the pedal of 
the circle with respect to the generating point, prove that 

Aa + Bb =^ 2 {a + b) A\ 

where B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to the next. 

144. Theorem.^ — If a line CC of a given length move 
with its extremities on two 
fixed closed curves, to find, in 
terms of the areas of the two 
fixed curves, an expression for 
the whole area of the curve 
generated, in a complete re- 
volution, by any given point P situated on the moving line. 

Let CP = c, PC = c'y and suppose {xi^ ^i), (^, y\ and 
(^2, ^2) to be the co-ordinates of the points C, P, and C\ re- 
spectively, with reference to any rectangular axes. 

Then, if Q be the angle made by C& with the axis of y, 
we have evidently 

a?i = or - c sin fl, Vi^y - c cos fl, 

X^^ X -^ c' sin 0, y^ = y +c' COS fl. 




This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of " Petrarch," in the Lady'B 
and Gentleman's Diary for the year 1858. 
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Hence we have 

yidxi = ydx - c cos fl (cfe + ydO) + c* co^^BdO 

y^% = ydx + & cos fl (cfe + yfl?fl) + c^ cos 'fle/fl. 

Multiplying the former equation by c\ and the latter by c, 
^nd adding, we get 

&yidxi + c y^dx^ = (c + c') ycfe + (c + c^) cc' cos^flrffl. 

.". c'\yxdxx + cjyidXi - (c + c') Jyfl^+ (c + cO cc' Jcos Wfl. 

If we suppose the rod to make a complete revolution, so 

IS to return to its original position, and if we denote by (C), 

CO, (P), the areas of the curves described by the points, 

!7, C\ and P, respectively, we shall have (since in this case 

he angle 6 revolves through 2ir) 

C'{C) + C (CO = {C + cO [P) + TT (C +C0 CO' 

c^(C) + c(CO .^. 
»r — ^— ^ ; = (P) + 7rcc\ 

This determines the area (P) in terms of the areas (C), 
C) and of the segments c, c'. 

When the extremities C, C move on the same* identical 
urve we have (C) = (C'), and hence (C) - (P) = ttcc^ 

Consequently, if a chord of given length mom inside any 
bsed curve^ having a tracing point P at the distances c and 
' from its endsy the area comprised between the two curves is 
lual to Trc&. 

Should the extremities, instead of revolving, oscillate 
ack to their former positions, then (C) = o, (CQ = o, and 
, (P) = - TTCc'. The negative sign implies that the area is 
escribed in a direction contrary to that in which the rod re- 
3lves, Should the rod also oscillate, we have (P) = o,. which 
idicates that the area described consists of two equsJ loops, 
ae positive and the other negative. 



* This holds also where the extremities moTe on curyes of equal area. 
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145. Areas by Approidmation. — In many cases it is neces- 
sary to approximate to the value of the area included within 
a closed contour. The usual method is by drawing a con- 
venient number of parallel ordinates at equal intervals ; then, 
when a rough approximation is suflBcient, we may regard the 
area of the curve as that of the polygon got by joining the 
points of section of the parallel ordinates. Hence, if h be 
the common distance between the ordinates, and if 

* 

yo, yi, 2^2, &c., y„, 

represent the system of parallel ordinates, the area of the po- 
lygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

A p-j— + yi + y2 + &c. + yn-i . 

Hence the rule ; add together the halves of the extreme 
ordinates, and the whole of the intermediate ordinates, and 
multiply the result by the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the points 
whose ordinates are y^^ yi, ya ; let y = a + /3jj + yx^ be the 
equation of the parabola, and, for simplicity, assume the ori- 
gin at the foot of the intermediate ordinate yi, then we have 

yo = « - jSA + yh\ yi = a, y2 = a + j3A + 7A'. 

Again, the area between the first and third ordinate is 

(a + /3a? + yaP^) 6?jj = 2^ f a + 7 — ]. 
But y© + y2 = 2yi + 27/i^, hence the area in question is 



il^' 



^0 + 4yi + y2. 

Now, if we suppose the number of intervals n to be even, 
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and add the different parabolic areas, we get, as an approxima- 
tion to the area^ the expression 

h 

- (y# +yn+ 4 {yi +y3 + &c. + y„.i) + 2 (^2 +y4+ &c. +yn-2)). 

Hence the rule. Add together the first and last ordinates, 
bake every second intermediate ordinate, and four times each 
remaiuing ordinate ; and multiply by one-third of the common 
interval. 

We get a closer approximation, by supposing the number 
of equal intervals a multiple of 3, and regarding the curve as 
a series of parabolas of the third degree, each being deter- 
mined by four equidistant ordinates. To find the area cor- 
responding to one of these parabolic curves, let yo, Vu f/n yi 
be four equidistant ordinates, and for convenience assume 
the origin midway between y 1 and y^ ; then if the equation of 
the parabolic curve be 

3/ = a + /3ar + yx^ + So:*, 

and the common interval on the axis of a? be denoted by 2A, 
ure have 

yo = a - 3j3A + 97A* - 27SA' 

yi^a-fih + yh^-W 

ya = a + j3A + 7A* + SA» 

ya = a + 3/3A + 97A* + 27SA». 
lence 

yo + ya = 2 (a + 97^^), yi + ya = 2 (a + 7^'). 
Again, the parabolic area between yo and y^ is 

(o + /3.» -!- 70:* + Sr*) da:^2^ (za + 67A*). 



J-SA 



Substituting in this the values of a and 7 obtained from 
e two preceding equations, the expression for the area 
comes 

— {yo + y3 + 3(yi + y2)). 
4 

2 



ip^ Areas of Plane Curves. 

If the corresponding expressions be added together, wc 
easily arrive at the following rule.* Add together the firsD 
and last ordinates, ttvice every third intermediate ordinate, 
and thrice each remaining ordinate ; and multiply by fths 
of the common interval. 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and equidistant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 
curvilinear area, the methods given above are applicable to 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasmg the number of intervals. 

146. Flanimeters. — Several mechanical contrivances have 
been introduced for the purpose of practically estimating the 
area inclosed within any curved boundary. Such instruments 
are called Planimeters. The simplest and most elegant id 
that of Professor Amstler of Schaffhausen. It consists of two 
arms jointed together so as to move in perfect freedom in one 
vplane. A point at the extremity of one arm is made a fixed 
centre round which the instrument turns ; and a wheel is 
fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
vohring wheel registers only the motion which is perpendi- 
<»ilar to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB^ should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commerK5e by showing that the length registered 
by the wheel in a complete revolution is independent of its 
position on the moving Arm -; i. e. is the same as if the wheel 
be supposed placed at the joint. 



'* This and the preceding are commonly called ** Simpson's roles" for calcu- 
lating areas : they were however preyiously noticed by Newton (see OpuflcuU- 
Method. Diff., Prop. 6, scholium) as a particular apphcation of tbe method of 
interpolation. The student is referred to Bertrand's Cal. Int. eh. xii., for th« 
onore general and accurate methods of approximati<ia of dotes and Gauss. 
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To prove this, suppose P to represent the- point on the 
urm at which the centre of the revolving wheel is situated. 
Let A'B' represent a new, position oi AB very near to AB^ 
ind P' the corresponding position of the- point P. Draw 
PN perpendicular to A'B' ; then PN is the length registered 
by the wheel while the arm moves 
Brom AB to the infinitely near po- 
sition A'B\ 

Next, draw AN' perpendicular, 
and AL parallel, to A'nf^ 

Let PN-- d8\ AN'^ ds,AP= c, 
PAL « di,, then PN^ PL + AN', 
01 ds' = cis ■¥ c d<^. 

Now, if we suppose AB after 
a complete circuit of the curve, to 
return to its original position, we 
liave obviously 2 {d(p) = o ; and 
therefore S ids') = S {da), i. e. the 
pirhole length registered by the revolving wheel at P is the 
uune as if it were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
'ectangukr axes drawn through (7, and let -4C = a, AB = 6, 
4.CX -> ; and suppose the angle which BA produced 
oakes with the axis of x \ then we shall have 

a? = a cos 0* + 6 cos <^y y - a sin 9^+ b sin 0. 

3ence xdy ~ ydx = aHH + b^dxp + ah cos (0-0)d(0 + ^)^i 

Also ds « AN'^AA' amAA'K^add cos (0 - <t>), 

)Ut © + = 20^- (ft- 0), 

.\ ab cos (fl - 0) fl? (0 + 0> 

= 2a6 cos(0-0)cf9 -ab cos (0-0) d{0'-<p} 

= zbds -ab cos(0- 0) c/(0-0). 
Consequently 

fl?dy - 2^di = a'c?0 + 6*d0 + zb ds - ab cos {d - ^) d (fl - 0)^ 

But, hj Art. 136, the area traced out by £ in a complete 
evolution is represented by ii{xdy - ydx) taken around the 
ntire curve. 
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Also, since AC BudAB return to their original positions, 
the integrals of the terms a^dO, V^dfp and ab cos {0-<p>) d (fl-^) 
disappear ; and hence the area in question is equal to bS, .^ 
where S denotes the entire length registered by the revolving 
wheel. 

Examples. 

I. Find the whole area between the curve 

sfly^ + a2ft^ = a V 
and its asymptotes. 

1, Find the whole area of the curve 
3. Find the whole area of the curve 



iiMn'- 



Ans. 


2vab» 




8a> 


a 


5 


ft 


?ira*. 



4 

4. Find the whole area included between the folium of Descartes 

and its asymptote. ,, — . 

5. In the logarithmic curve y = «*, prove that the area between the axis of 
X and any two ordinates is proportional to the difference between the ordinates. 



TTO^ 



6. Find the area of a loop of the curve 

r = a cos n9. «, . 

n 

7. Find the area of a loop of the curve 

r = tf cos «0 + 6 smnB* f, (a* + A*)-. 

ft 

The*equation of the curve may be written in the form 

r = i^a* f b* cos (n9 + a), 

where tan a = ; and consequently its area can he found from the preGod* 

ing example. 

8. Find the area of a loop of the curve 

r* = fl« cos n9 -f fc^ sin n9, „ '^lJUL — 

II 

9. Find the area of the tractrix. 
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The diaracteristic property of the tractriz is that the intercept on a tangent 
to the corye between its point of contact and a fixed right line is constant. 

Denoting the constant by <r, 
ind taking the origin at the ^^ 

Mint for which the tangent OA 
8 perpendicular to the axis, we 
lave, F being any point on the 
jurve, 

FT^a,FN=^y, 
^=-tanPriV= ^^=T 

.• ydx = - ^ Q^-y^dy. 

Sence the element of the area of the tractriz is equal to that of a circle of 
radius 0. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to tta^. This example furnishes an instance of our being 
able to determine the area of a curve, from a geometrical property of the curve, 
without a previous determination of its equation. 

If the equation of the tractrix be required, it can be derived from its dif- 
ferential equation 

from which we get 




«+ ^ a'^-y^- a log 



fl + y/ a* — y"* 



10. If each focal radius vector of an ellipse be produced a constant length Ct 
ihow that the area between the curve so formed and the ellipse is vc (zb + Oi 
S being the semi-axis minor of the ellipse. 



1 1. Find the area of a loop of the curve r* = a» cos nB. 



Ana. 



TV \ 2 n] 



11, If a right line carrying three tracing points -4, B^ C, move in any manner 
n a plane, returning to its original position after making a complete revolution j 
nd if (-4), (JB), (C) represent the entire areas oi the dosed curves described by 
he points -4, B^ C, respectively, prove that 

ABx (C) + ^C7x {A) -^-CAx (5) -^ tr .AB . BC. CA = o, 

tt which the lines AB, BC, &c,, are taken with their proper signs j L e, AB=» 
- BA, &c. 

13. If a curve be referred to its radius vector r and the perpendicular p on 
he taBgent, prove that its area is represented by 

prdr 



I f ^»^ 
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14. Show that the whole area of the inverse of the ellipse -r + t, = i) w 

a* 0* 

represented by 

where a, /3 are the co-ordinates of the origin of inversion, and Ar is the radius of 
the circle of inversion. 

15. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described } 

16. A chord of constant length (e) moves about within a parabola, and tan- 
gents are drawn at its extremities ; find the total area between the parabola and 
the locus of intersection of the tangents. . nfi* 

17. From the centre of an ellipse a tangent is drawn to a semi-circle de- 
scribed on an ordinate to the axis-major ; prove that the polar equation of the 
locus of the point of contact is 



r«=-. 



6« + 4a« tan«0 ' 
and that the whole area of the locus is — 



2 2a -f 6. 

1 8. Apply the three methods of approximation of Art. 145 to the calculation 

to 6 decimal places of the definite integral I , adopting — as the corn- 
Jo i + ^ 12 
mon interval in each case. Ans. (i), .693669. (2), .693266. (3), .693224* 
The real value of the integral being log 2, or '693147, to the same number of 
decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r* of 1 
parabola is represented by 

where c is the chord of the arc, and a the semiparameter. 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

147. laength of Gurves referred to Rectangular Axes. — 

Tie usual mode of considering the length of a curve is by 
•eating it as the limit of a polygon when each of its sides is 
ifinitely small. If the curve be referred to rectangular axes 
f co-ordinates, the length of the chor d joining the points 
r, y) and {x + dx, y-^dy) is 's/dx^ + dy*, and, consequently, if 
represent the length of the cu rve meas ured from a fixed 
oint on it, we shall have da = ^dx^ + dy^^ 



u-m 



2 
dXf 



aken between suitable limits. 

The value of -j in terms of x is to be got from the equa- 

ion of the curve, and thus the finding of 8 is reducible to a 
[uestion of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y be taken for the independent variable 
ve shall have 



■U-{%h 



Again, when x and y are given functions of a single va- 
lable 0, we have 



=/|(IJ ' ( 



- (^w^ r^*- 



d<t>}l 



In each case the form of the equation of the curve deter- 
nines which of these formulae should be employed. 
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The curves whose lengths can be obtained in finite terms 
are very limited in number. We proceed to consider some 
of the simplest applications. 

148. The Parabola. — Writing the equation of the parabola 

1 r « dx y 

m the form y* = 2mx. we set -— = — . 
^ ^ dy m 



Hence 



*";;;I^y''^^'^y- 



m 



The value of this inteojral can be obtained from that of the 
area of an hyperbola (Art. 128), by substituting y for ^, and 
m' for - a*. 

Thus we have 



s = 



y^/ 



'1 + _log -^ ^ , (i) 

the arc being measured from the vertex of the curve. 

149. The Gatenary. — ^I'he equation of the catenary, as 
before observed, is 



+ /^ I. 



Hence 



ds 



a( ''- 



= 1 + 



X 

'a 




dx \' ' dx^j 

.". s = i U^ cZa; + i U ^ c^r = - f c^ - e " j + const. 
If B be measured from the vertex F, we have 

Comparing this with Art. 129, we see that 

area OVPN'^ a x arc VF. 



(2) 
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Again, it NL be drawn perpendicular to the tangent PZ, 

we have sin LPN = -— = -. Hence NL = y sin LPN = a ; 

as y 

and Pi ±= {y^-a^yt = arc FP. This result shows that the cate- 
nary is the evolute of the tractrix (see Ex. 9, page 199). 

1 50. Semi-oubical Parabola. — The equation of this curve is 
of the form ay^ = x^. 



hence v = ^ .^ = J/^^Y ^ ^{ 
^ a^ " dx 2\aj' dx \ 



QX\^ 
I + 

4a 



.\S = \\ I + 



^—] ax = — 1+^— + const. 
4a J 27 V 4a J 



If the arc be measured from the vertex, we get 



8 



Sa if gx\^ ) 



151. ZleotifioatloB of Bvolutea. — It may be noted that the 
rectification of the semi-cubical parabola is an immediate 
consequence of its being the evolute of the ordinary parabola 
(see Dif. Cal., Art. 233). In like manner the length of any 
curve can be found if it be the evolute of a known curve, 
from the property that any portion of the arc of the evolute is 
the difference between the two corresponding radii of cur- 
vature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

{ax)^ + {by)^ = (a^ - b')^ 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise; for, writing the 
equation in the form 



})'<f!- 
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and making x^a sin'^, we get ^ = j3 cos '^^ and 

ds = {da? f dy^"p « 3 sin ^ cos ^ (a' sin'^ + /3* cos*0)i d<^ 

3(a' sin'A + j3' cos«0)i ,,,.-, >3.. , v 
= — 2 (a» - ffl) ^'"^ * ^ ^ ^^ * 



Hence 



(a>sin«0 +fl«cos«0)« 
« = ^^ ^- — i^^^ ^— - + const. 



If the arc be measured from the point « = o, y = /3, we 
get the constant 

^ -j3^ , (a'sin^» + j3^cos'»)i-^3 

If a = /3y the expression for ds becomes 3a sin ^ cos ^ (/^; 
hence we get « = - a sin'^, the arc being taken from the 
same point as above. 

EXAMPLEB. 

I. Find the length of the logarithmic curve y = ea*. 
Here log y s j; log a + log <;, .*. :^ = -, where b = log a. 

Hence , _ f (^' + y')*^^ _ f y^y f Wy 

J y J(*« + y*)* Jy(^» + y»)i 

= (*« + y'> + Hog^511i^!li:if. 

y 

a. Find the length of the tractrix. 

Here, by definition (see fig. page 199), we have Pr= a, 

.-. 8inPrJV=?^, hence ^=--, 
a dy y 

Cdy 
.'. « a J— i: - a log y + const 

If the arc be measured from the vertex A, we get 

arc^P = alog[-\ 
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3. Find in what cases the curves represented by a"y» = xf"*^ are rectifiable. 
Here we havo 

2m 



=j{"*m'U]"}'- 



Substituting h for -^ ^, and making i + &j; » = ««, this becomes 



«*a » 



JL-i 



■i\[^T * 



n 



This expression is immediately integrable when — is a positive integer 



2fM 



n 



Hence if — = r, the equation becomes of the form atf*" = x'^^K 



im 



Again, if — be a negative integer, the expression under the integral sign 

2M 

becomes rational, and can accordingly be integrated. This leads to the form 
y«r = flfjp»r-i. Accordingly, all cuives comprised in the equation «y** =a;»«ii 
are rectifiable, m being auy integer. (Compare Art. 58). 

152. The SUipse. — ^The simplest expression for the arc 
of an ellipse is obtained by taking a? » a sin ^, whence 

y ^ h cos 0, and ds = (a* cos^^ + b^ sin'0)i e/0, 

.-. 8 = l{a^ cos 20 + b^ sin«0)i dtp. 

It is often more convenient to write this in the form 

s = a J(i - e* sin^^)^ d^, 

e being the eccentricity of the ellipse. 

It may be observed that ^ is the complement of the eccen- 
Uic angle belonging to the point (a?, y). 

The length of an elliptic quadrant is represented by the 

definite integral a k(i - e^ sin '0)4 e^^. 

We postpone the further consideration of elliptic arcs to 
a subsequent part of the chapter. 

153; lUotificattoB in Polar Co-ordinates. — If the curve be 
referred to polar co-ordinates we plainly have (Dif Cal., Art. 
1 76) ds* = dr^ + r^dd^ ; hence we get 



2o6 LengthJi of Curves. 

For example, the length of the spiral of Archimedes, 
r • od, is given by the equation 

Comparing this with the formula ( i) for the parabola, it fol- 
lows that the length of any arc of the spiral, measured from 
its pole, is equal to that of a parabola measured from its 
vertex. 



Examples. 

I. Cardioid, r = a (i + cos 9). 

(It 
Here -^^ = — a sin 9, and hence 
ad 



8 = a J{(i + COS 9)* + 8in*6}l d9 = la Jcos- ^9 = 40 sin - + constant 

2 2 

The constant becomes zero if we measure « from the point for which 9 = a 
2. Logarithmic spiral, r - a^. 

Here, if ft = log a, we get 

rd0 I (ri[ i\l (i + ft»)> , . 

Accordingly, the length of any arc is proportional to the difference between 
the vectors of its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. r*» =3 a"« cos mS, 

dr 
Taking the logarithmic di£ferentials, we get —rr = — tan mO ; 

Tau 

.*. — ;t = sec w9. 
rd9 

f s- 

Hence « = <r icos m9 dO, 

Or, writing f for fN9, 

1 
« f m* 
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readily integrated when — is an integer (see Art. 53). 

tn 

ateyer be the value of m we can express the complete length of a loop of 

IT 

TO in Gamma-functions. For if we integrate between o and — , we ob- 

2 

get the length of half the loop. 

ice the leng& of the loop (Art. 120) is 






;4. Formula of Ziogendre on Rectifioation. — Another for- 
of considerable utility in recti6cation follows imme- 
Y from the result obtained in Art. 188, Dif. Cal. For, 
result be written in the form 

d(8-t) , , 

~j ^P> ^6 g^* 8 - t = jpaoj. 

quently, the total increment of s - t between any two 
on a curve is equal to jpdto taken between the same 
oints. 

)r example, in the parabola we have p = , and 

^ '^ cosw 



s 



- t = a = a log tan (- + -)+ const. 

Jcoso) ° \4 2/ 



we measure the arc from the vertex of the curve, and 
re that t = ---, this gives 



a sm to 
8 = 

COS*(M 



+ a log tan (- + -)• 



le student can without difficulty identify this result with 
iven in Art. 148. 



bia theorem is due to Legendre. See Trait6 des Fonctions Elliptiques. 
., p. 588. 
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155. Apiklioatlon to SUipse. Fagnaai's Theorem. — In the 

ellipse we have 

/)' = o' cos'w + i* sin 'a/. 

Hence, measuring the arc 
from the vertex -4, and observ- 
ing that in this case PN is to be 

taken with a negative sign, we " c^^^ ma" 

have 

arc ilP + PN = (rt' cos^w + 6* sin«w)i rfw, 

Jo 

where a = Z -4 CN. 

But, in Art. 152, we have found that if^be measured 
from the vertex jB, the arc is represented by 

J(a' cos 2^ + &* sin»^)id^i 

Consequently if we make L BCQ = a = lACN^ and draw 
QJf perpendicular to the axis major meeting the curve in P\ 
we shall have 

arc BP' = arc ^P + PN, 

or, taking away the common arc PP'y 

BP « AP' = PN. (3) 

This remarkable result is known as Fagnani's theorem,* 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose diflFerence is expressible by aright 
line. 

We add a few properties connecting the points P and F 
in this construction. 

* Fagnani. Produzioni Mathematice. 1750.. It may be noted that if we in- 
tegrate die equation of Art. 114, Bif. Gal., taking the angle Casobtnae, and 
adopting zero for the lowest limit in each integral, we obtain 

f* y/i -A;»8in«arf«+ [ y/ 1 - h^ %m*b db - T \/ 1 - ^» ain'c <fo 

= A:^ sin a sin & sin e, 
where a, h^ e are connected by the relation 

cos e = cos a cos 6 — sin a sin & y/ 1 — k^ sin'c. 

The negatiye sign is given U) y/ 1 — k^ Bia^e since cob Cis negative in this 
ease. 

This equation furnishes a relation between three elliptic area, from whieh 
Fagn^^^^eorem can be readily deduced, as well as many other theorems oon- 
izaii^^Hhtaah arcs. See Legeudre. ¥oiv«. Ei^^. Tome i., ch. 9. 
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Examples. 

1. If («, y) and {x\ y') be the co-ordinates of P and P*, respectively ; prove 
the following : — 

(i). PiV= — ', (:2) FN= PN', (3) CN . CN' = CA . CB, 

(4) CP» + CiV"2 = Cui* + CB«. 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of tiie semiaxes. 

This has place when P and P' coincide; in which case C2{= y/aSt and 
PiV=a-ft. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani's point, the intercepts be- 
tween its point of contact and its points of intersection with the axes are res- 
pectively equal in length to the semi-axes of the ellipse. 

4. If the lines PiV and F'lf be produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of 
the tangents to the ellipse at Its vertices. Show also that this hyperbola outs 
the ellipse in Fagnanf s point. 

1 56. The Hyperbola. — In the hyperbola we have 

p^ = fl' cos*w - ft» sin^w. 

Hence, measuring the arc from the vertex A of the curve, 
we find, smce a> is measured below the axis, 



PN- AP=\ (a' cos'w - b^ sin»oi)i rfw, 

Jo 

where a = Z A ON. 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of o) in this 



(4) 



a 



case becomes tan-^ -, it follows that the 

* 

difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




Jn 



(a* cos^w- 6*sin*(ti)i dw. 
p 



2 1 o Letigths of Curven. 

EXAITFLSS. 

1. Ifa>d, proTBthat 

is represented by an elliptic arc, and tbat the eemiaxes of the ellipse are the 
greatest and least valaea of (a + 6 cos ^)i. 

2. lia Lhf prove that 

J (a + 6 cos 0)t <f^ 

is represented by the difference between a right line and a hyperbolic arc. 

157. XAiiden's Theorem on a Hsrperbollo Aro. — We next 
proceed to establish an important theorem, due to Landen;* 
namely, that any arc of a hyperbola can he expressed in terms of 
Hie arcs of two ellipses. 

This can be easily seen as follows : — In any triangle, 
adopting the usual notation, we have 

c = « cos -B + 6 cos A. 

Now, representing by C the external angle at the vertex 
Cj we have C - A-^ B^ and hence 

cdC=(a cos B + b cos A) dA + (a cos -B + 6 cos A) dB, 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 

\cdC=\a cos BdA + J6 cos-4(iB + 2a sin ^ + const., 
or 

J\/a»+6»+2a6cos(7dC= \yc^^¥^^AdA+l^/W^^€^^^^dB 

+ 2a sin B + const. (5) 

Now, if we suppose a > 6, J V^a' - 6' sinM dA represents 
(Art. 152) the arc of an ellipse, of axis major 20, ana eccen- 
tricity - Also \Vb^-c? sin'JBeZB represents (Art. 156) the 

* Landen. Philosophical Transactions, 1775. 
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difference between a right line and the arc of a hyperbola, 
whose axis major is b and eccentricity -. 



Again \/a' + 6* r 206 cos C = /(a - Vf sin» -+ (a + hy cos^ — > 

and consequently the integral 

J \/a« + 6' + 2a6 cosC dC 

represents an arc of the ellipse whose semiaxes are a + 6 and 
a - 6. 

Hence, Landen's theorem follows immediately. 

It should be noted that the limiting values oi A^B and C 
are connected by the relations 

aAnB -b sin -4, and C ^ A -¥ JB, 

Again, if we suppose the angle A to increase from o to ir, 
the external angle (7 will increase at the same time from o to 7, 
while B will commence by increasing from o to a, and after- 
wards diminish from a to o,f where a = sin"* - |. Moreover, 

in the latter stage b cos A is negative, and dB also negative, 
consequently the term b cos A dB is positive throughout the 
entire integration ; and the total value of 

^/b^ - flf* sin^JS dB is represented by 2 I \/b^ - a^ sia^B dB' 

C 
Hence, substituting ^ for -, and integrating between the 

limits indicated, we get, after dividing by 2, 



[(a+ by sin«0 + (« - bf cos*^ )i d<^ 

p 2 
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Accordingly, the difference between the length of the asymf- 
tote and of the infinite arc of a hyperbola is equal to the diffe- 
rence between two elliptic quadrants. This result is also due to 
Landen. 

We next proceed to two important theorems which maybe 
regarded as extensions of Fagnani's theorem. 

1 58. Theorem'*' of Dr. Ghravea. — If from any point P on the 

exterior of two confocal ellip- 
ses, tangents PTandPT^be 
drawn to the interior, then 
the difference PT + PT' 
- TT' between the sum of 
the tangents and the arc 
between their points of con- 
tact is constant. 

For, draw the tangents 
QSand QS'from a point Q, 
regarded as infinitely near 
to P, and drop the perpendiculars PJV^and Q^'\ then, since 
the conies are confocal, we have 

L PQN^ lQPN\ /. PN' = QN. 

Also PT^TR^-RN^TR + RS + SN^TS^SN 

In like manner 

PT = PN' + 8'Q - rs\ 

or Pr+ PT - TT ^Q8+ QS' - 88\ 




* This elegant theorem was airiyed at by Dr. Graves for the more general 
case of spherical conies from the reciprocal theorem, yizr If two sj^eiical 
conies have the same cyclic arcs, then any arc touching the inner will cut from 
the outer a segment of constant area. (See Graves* translation of Ghasles on 
Cones and Spherical Conies, p. 77, Dublin, 1841). 

It should be remarked that the theorems of this and of the following article 
were investigated independently by M. Chasles. The student wiU find in the 
Chtnptes ^endtu, 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as weU to properties cd confocal comios, as also 
to Ihe addition of elliptio fimoldons of the first species. 
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Hence, PT + PT^ - TT^ does not change in passing to 
the consecutive point Q ; which proves the proposition. 

The analogous theorem, due to Professor Mac Cullagh, 
may be stated as follows : — 

159. Tlieoreiii. — If tangents PT, PT^ be drawn to an 
ellipse from any point on a con- 
focal hyperbola, tnen the differ- 
ence of the tangents is equal to 
the difference of the arcs TK and 

The proof is left to the student, 
and is nearly identical with that 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola; as can be seen without difficulty. 

As an application* we shall prove another theorem of 
Landen ; viz., that the difference between the length of the 
asymptote and of the infinite branch of a hyperbola can be eo?- 
pressed in terms of an arc of the hyperbola. 

For, let the tangent at A meet the 
asymptote in D, and suppose a con- 
focal ellipse drawn through D, Then, 
regarding DT as a tangent to the 
hyperbola, it follows, by the theorem 
jufit established, that the difference 
between DTsnd KT is equal to the 
difference between DA and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT x^ equal to 
iJJt + DC - 2KA. Consequently 
the required difference is expressible 
in terms of given lines and of the 
hyperbolic arc AK. 




I am indebted to Dr. Ingram for this application of Prof. M*CuIl»j^^\3DkMst«vsi. 
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We next proceed to consider two important curves whose 
rectification depends on that of the ellipse. 

1 60. The XJiiuiqon. — From the equation of the lima9on 

To a cos fl + 6, we get ^r^ = - a sin fl, 

and hence 

cfe = (a» + 6» + lah Cos B)^dB. 

.-.«=[ [{a + 6)« cos2 - + (a - by sin' |j* rffl. 

Accordingly, the rectification of the lima9on depends on 
that of the elupse whose semiaxes are a + 6 and a - 6. 

161. The ^pitrodhold aad Hypetrodhoid. — >The epitrochoid 
is represented by the equations (See Dif. Cal, Art. 272) 

iT =» (a + 6) cos fl - c cos , B 

y = (a + 6) sin - c sin — jr- fl. 
Hence 

^=(a + 6)jco8e-^co8-g- j. 
Squaring and adding we get 

(5)"-C-f7{'— '•-tI 

Hence, substituting — ^ for fl, we get 
2 (a + 6) f , ,, , . 
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Consequently the length of an arc of the epitrochoid is equal 
to that of an ellipse. 

The corresponding form for the hypotrochoid is obtained 
by changing the sign of b, 

162. Stmner's Theorem on BeotifioatloB of Roulettes. — If 
any curve roll on a right line, the length of the arc of the 
roulette described by any point is equal to that of the corre- 
sponding arc of the pedal, taken with respect to the genera- 
ting point as origin. 

For (see figure, Art. 142), the element 00^ of the roulette 
is equal to OPdu). 

Again, to find the element of the pedal. Since the angles 
at N and N^ are right, the quadrilateral NN'TO is inscri- 
bable in a circle, and consequently 
NN' = OT sin NON'. But, i i 
the limit, NN' becomes the ele- 
ment of the pedal, andOTbecomes 
OP I hence the element of pedal 
is OPdw ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the 
roulette, /. &c. 

We proceed to point out a few elementary examples of this 
principle. In the first place, it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the lima9on. Again, if 
an ellipse roll on a right line the length of the roulette 
described by either focus is equal to the corresponding arc of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 143, that, if one 
curve roll on another, the elements ds and cfe^, of the roulette, 
and of the corresponding pedal are connected by the relation 

ds= ds! 

In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima9ons : 
which agrees with the results established already. For 
further development of this method the student is referred 
to Mr. Besant's " Notes on Roulettes and Glissettes." 
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We next proceed to the rectification of the Oval of Des- 
cartes. 

163. Oval of DeaoartM. — ^This curve is defined as the 
locus of a point whose distances, r and r^, from two fixed 
points are connected by the equation 

Ir + mr' = d, 

where Z, m, d are given constants. 

For convenience we shall write the equation in the form 



Ir + mr^ = no, 
where c is the distance between the fixed points. 

The polar equa- 
tion of the curve is 
easily got. For, 
let / and Fy^ be the 
fixed points, and 
L FiFP = 0, then 
we have r'* 

er* + c'- 2rccos 0; 

also from (7), 

m« r'^ = (nc - lr)\ 

hence the polar 
equation of the lo- 
cus is readily seen 
to be 



In - m^cos 9 n^-mr? 

y2 _ 2rc :: : + C^ -^z 1 « o. 



/»-m* 



/»-m» 



For simplicity, we shall write this in the form 



(7) 




(8) 



(9) 



r* - 2rQ, + C = o. 
Solving this equation for r, we get 

r «= Q ± \/i2«-(7, or JPPi = Q + \/q«- C, FP ^ Q -V^Q^g. 
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ft can be seen without difficulty that, so long as /, m, n are 
real and unequal,* the curve consists of two ovals, one lying 
inside the other, as in the figure. 

Again we get from (9), by differentiation, 

(r -'Q)dr = rQ'dO, where Q' = ^ ; 

dr_^ Q' ^ Q^ , y^^^^^ A ^ l/Q'+Q-'-g 
rdO r-Q Vq,^-^& rdO -/ Q^ - C 



• • 



the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding ele- 
mentary arcs is equal to 

2 \/q2 + Q'* - (7 dd, or 2 y/a:^+2ab cos e-k-b^-C d0, 

(writing O in the form a + b cos 0), which plainly repre- 
sents the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals can be re- 



* It may be remarked that equation (7) contains the circle, the ellipse or 
hyperbola, and the limacon, as particular cases. 

Thus, (i) if n = o, the equation becomes Ir + mr' s o, which represents a 
circle. 

(2) If / =: + m, the locus is an ellipse when n > /, and an hyperbola when 
n</. 

(3) If either / or m be equal to n, the locus is a lima^on. 

The points F and Fi are called foci of the oval, and possess many properties 
analogous to those of the foci of a conic. They are connected with tke points 
Af Bf C, -D by very simple relations. For, from (8) we have FP . FPi 

= ^ = a constant. Hence FA . FB - FC . FD. In like manner, we 

can see that Fi £ , FiD = FiA . Fi C, Consequently, the foci J", Fi can be 
found by a simple geometrical construction when the four points Ay B^ C, D 
are given. Again, if JP2 be found, so as to satisfy the analogous relation F2 A . 
F2I) - F2 B . FiGtitiask third focus of the curve, and it can be shown to pos- 
sess the same properties as F and ^1 ; for example, the distances from any point 
F to J* and F2 are co.nnected by an equation similar to (7). 

It should be noted that either oval is the inverse of ike other with respect to 
either of the foci Fi Fi ; while with respect to the focus F2 each oval is its 
own inverse. 
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presented by the arc of an ellipse. This remarkable theorem 
IS due to Mr. W. Roberts (Liouville, XV., p. 195). Sonie 
years after its publication it was shown by Professor Ge- 
nocchi (Tortolini, 1864, p. 97) that the arc* of a Carteaanis 
expressible in terms of three elliptic arcs. 

In order to establish this result, we commence by proving 
one or two elementary properties of the curve. 

Suppose a circle aescribed through Fj 2^i, andP; and let 
PQ be the normal at P to the oval, meeting the circle in ft 
and join FQ and jF\Q ; then let L FPQ « w, and FiPQ = w'i 

and since / t- + ^^-r " o> ^^ have / sin oi = w sin w', 
as da 

.-. FiQ:FQ=-l:m. 

Also, since Ir + mr' = nc ; and (by Ptolemy's theorem) 

FP.FiQ + FiP.FQ«FF,.PQ, 

we have 

F\Q^ FQPQ 

I m n * 

Hence, denoting the common value of these fractions by 
Uf we have 

FiQ^lu, FQ»m% PQ^-m. 
Again 

dr Q,' y/^^ 

tan (u » --Tj - . , .•. cos oi = — 

rd9 a/q2-. (J y/Q2 + Q'« - C 

Hence the first term in the expression for efoin (lo)is 
equal to 

QidO c In-m^ cos fl^ 

cos Qi P-m* cos iu 

Again, let L FPF, = ;/,, z. PFiC = ^, 

and we have the two following relations between the angles 

^ = -\- \p, / sin ^ + m sin = w sin i/r. (11) 



* For the proof of this theoren^yen in the text I am indebted to Mr. 
PantOD. 
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Hence 

d^"dB» d\py I cos f^d<^ + m cos OdO = n cos ypdip^ 

.-. (In-m* cosfl)rffl»/(n + w cos^)d^-n(/+ m co3\f/)d\pf 
or 

fo-w*cosO,^ _n + wcosA^ /+mcosJ» ,. , , 
dd= I -dip-n dJ/. (12) 

cos (af cos (O '^ cos tit i- \ / 

Again, from the triangle FPQ, we have 

r cos Gi » PQ + FQ cos ^ = (/» + m cos ^) te, 



n + mcos^ 7* y— 5 — — , 

.'. =- = -=» vm* + n'+2mn cos A 

cos w u ^ 

In like manner it can be seen that 
I + m cos xp 



cosai " X^l'-^m^-^zlmcosrp' 
Hence we have 

[QdO Ic t - 

J^^ " /^3^» J^^' + ^' -^ 2^** cos * ^0 

" ^2 _ ^8 V /* + m* + 2^ cos ;// dt;//, (13) 

each of which latter integrals represents the arc of an ellipse: 
and, consequently, the arc of a Cartesian oval is expressible 
in the required manner. 

It should be noted that the limiting values of 0, ^, and xp 
are connected by the relations given in (11). 

To complete the proof it remains to show that the axes of 
the ellipses are the lines (-4jB, CZ?), (ACj BD), and 
{AD, BC\ respectively : a result also given by Sig. Genoo- 
chi. First, with respect to the ellipse whose element is 
n/Q' + Q'* - CdOy it is plain that its axes are the greatest and 
least values of 2 y /Q^ + Q'' - C, or of 2A/a^ + 6^+2 ^6 cos tf^^ 
but these are 2\/(a -^hy- C and '^^/{a - bf - C, which are 
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plainly the same as the greatest and least values of PPi ; and, 
consequently, are AB and CD. 

Again, from the equation Ir + mr^ = nc, we get 

lFB-\-m(FB-\-c) = nc. .\FB= ^^' ^'^'^ . 

I + m 

In like manner 

PQ_ (n + m)c 

Also, since we get the points on the outer oval by chang- 
ing the sign of m, we have 

I - m I - m 

and, consequently 

but these are readily seen to be the values for the axes of the 
ellipses in (13). 

164. RectificaUon of Curvea of double Curvatiire. — if the 

points in a curve be not situated in the same plane, the curve 
IS said to be one of double curvature. The expression for its 
length is obtained in an analogous manner to that adopted 
for plane curves : for, if we refer the curve to a system of 
rectangular axes in space, and denote the co-ordinates of two 
consecutive points by {x^ y, s), {x -\- dxy y -k- dy^ z + dz), we 
get for the element of length, dsj the value 

ds = y/da^ + dy^ + dz^. 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
denoted by 
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du dz 

From these equations, if -/- and -j- be determined, the for- 

dx ax 

mula of rectification is 



8 



-Jh(l)'*(l)T'^- <-^ 



Wlien z is taken as the independent variable, this formula 
becomes 

the limits being in each case determined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 



Hence 



ar = acos f-l y = a ^^'^llr 
dx a . fz\ dy a / z\ 

,\ ds=li + ^jdzy OT « = ( I + Tj j 2 ; 

;he arc being measured from the point in which the helix 
neets the plane otxy. 



Examples. 
I. Find the length of the curve whose equations are 

2a oa' 

Here ^ = ^^t+-+— ) ^ = (i +-, )^ = ' +6^ = ^ + 
he arc being measured from the origin. 
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Thifl is a case of a system of curyes which are readily rectified ; for, in ge- 
neral, wheneyer 

■"^ (,,gtg]f.(.t|), 

and therefiire * <bsd0 + <2e, orff8a; + « + const. 

Thus, if y —/(«) be one of the equations of a carve, we get -^ ^fiph ^ 
hence, if a second equation be determined from the equation 

the llength of the curve is represented by » + s + const. : the value of the 
constant being determined by the conditions of liie problem. 
For instance, if y =: a sintf, we getf*(x) = a cos «, and 

da ifi efl 

3- = — cos'd;, .*. « = —(« + cos « sin »). 

dx 2 4 "^ ^ 

hence the length of the curve of intersection of the cylindrical surfaces 

y B a sinjp, « = — (jp + cos :r sin a;) 

4 

is 2 + a; ; the length being measured from the origin. 

2. y = 2 \/ax - a?, « = « - -^1 — . • Ant, « = « + y — ir. 

3. -^-Tj = i» «=-l^+«3|, the length being measured from the 
point of intersection of the curve with the plane oixy. 
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Examples. 
I. Find the length ofany arc of the catenary 

and ahow that the area between the curye, the axis of :r, and the ordinates at 
two points on the curyey is equal to a times the length of tiie arc terminated by 
those points. 

f and hence find the length of a 

parabolic arc 

Jxdx 
— may be represented by an arc of 

a circle, and find the limiting yalnes of « for its possibility. 

4* Show that the length of an elliptic arc is represented by [ ^/fLlL^ffrfiP, 

where a is the semiazis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

6. Prove that the integral 



can be represented by an arc of the ellipse whose semiaxes are a and p, 

7. Show.that the rectification of the sinusoid y = ^ sinx is the same as that 
of an ellipse. 

8. Prove that the whole length of ih^Jirat negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin nd is equal to that 
of an arc of the ellipse whose semiaxes are a and na. 

10. If from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r = y and rd9 = dx^ then 
the lengths of the corresponding arcs of the two curves are equal, and the area 
fy^ of the former curve is equal to the corresponding sectorial area of the 
latter. 

II. Prove that the difference between the lengths of the two loops of the 
lima9on r = a cos 9 + ^ is equal to 8d : a being greater than b. 

12. Being given three points^, By Con the circumference of an ellipse, 
show that we can always find, at either side of C, a fourth point D such that the 
difference between AB and CD shall be equal to a right Hne. 
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13. If a oirde be described toucbing two tangents to an ellipse and alsa 
toucbing the ellipse, prove tbat the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
di£»rence is equal to the difference of the lengths of the tangents (Ghasles, 
Comptes Rendus, 1843). 

14. Prove that the entire length of any closed curve is represented by 

(pds 
— • taken round the entire curve ; p being the radius of curvature at any 
P 
point, and^ the length of the perpendicular from any fixed point on the tan- 
gent 

^ J. ] ^ f/iK J, I 

15. If ^ = —— be the equation of a curve, prove that j- = -jj — , and 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art. 123, the whole length of 

4 
a loop of the curve rt = cff cos - 0. 

5 



Here, by Ex. 3, p. 207, the required length is 

11) 



J<iv^-^°'»''\/«' 




~. r-^ 1 fit f anil Z. —r 



Hence, taking logarithms, and observing that -^ = i. 625, and | = i.n5r 

o o 

we get as the required approximation a x 3.29488. The figure of this curve 
is exhibited in Art. 261, Dif. Gal. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the ex- 
ternal focus, is equal to a straight line which may be found. [The above curre 
is the inverse of an ellipse from a focus]. — Fsofbssok Csofton, Edue, TifM»f 
June^ 1874* 

From (8) page 219 it follows, making n = /, that the equation of the 
lima9on, in this case, is 

. m»cos0-P 
r» - 2re • — + ^ = o, 

which is of the form r« - 2r (a cos - j3) + (a - j3)* = o. 

Hence, by (10), the difference between two corresponding elementary arcs 

2 

Consequently, if 9i and O2 be the values of Q for the two transversals in 
question, we get the difference of the corresponding arcs 



= 8v/^f8in??-8in^\ 



Also, it can^ readily seen that the distance between the vertices of the 
limagon is 4v^ajt3 ; .'. &c 
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18. Show that the length of an arc of the ellipse 

or 6' 
18 represented by the integral 

d9 



.,*.[ 22 



This result is easily seen, for we have da = pdO, and p = — r-, /. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 

d9 



by a« i« f T. 

J (a» cos«0 - *» sin20)* 

20. Hence, prove that the integral 

dx 



{ 



is represented by an elliptic arc when aV > ba\ and by a hyperbolic arc when 
aV < ba'. 

21. Prove that the diflferential of the arc of the curve found by cutting in 
the ratio n : i the normals to the cycloid 

ff ss a+ d cos ttf x = au ■{- b sin u, is 



^(a + nby + 4^nab sin* - du, 

21. Each element of the periphery of an ellipse is divided by the diameter 
parallel to it, find the sum of all the elementary quotients extended to the 
entire ellipse. Ans, tt, 

22. In the figure of page 208, if o = z. ACN', and jS = Z. BCN^ prove that 

tana tan/3 



( 22b ) 



CHAPTER IX. 

VOLUMES AND SURFACES OF SOUDS. 

165. Solidar— Tha Frinn and Oyllndar. — ^The most simple 
solid is the cabe, which is accordingly the measnre of all 
solids, as the square is that of all areas. Hence the findiiW 
the volume of a solid is called its cvbahtre- Before proceed- 
ing to the application of the Integral Calculus to finding de 
volumes and surfaces of solids, we propose to show how, in 
certain cases, such volumes and surfaces can be found &oni 
geometrical considerations. In the first place, the volnme 
of a rectangular parallelepiped is measured by the continued 
product of three adjacent edges ; and that of any parallelepi- 
ped by the area of a face multiplied by its distance from ws 
opposite face. 

Again, the volume of a right prism is measured by the 
product ot'its alutude into the area of its 
base. For example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon ABCDE, 
multipbed by the altitude AA'. Again, 
since each lateral face, AB B'A' for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces {exclusive 
of the two bases), i. e. the area of the surface 
of the prism, ia equal to the rectangle under 
the altitude and tlie perimeter of the poly- 
1 which forms its case. 




a closed 



This and the preceding result still hold 
in the limit, when the base, instead of a polygon; 
curve of any form, in which case the sur^e ^ 
called a eylinder. Hence, if J' denote the volume of the pot- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its beight, and i/tbe area of its base, «e 
get r=Ah. 
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Affain, if S denote the superficial area of a cylinder, 
bounded as before, and 8 the length of the curve which forms 
its base, we have 2 = Sh. 

1 66. The Pyramid and Gone. — If the angular points of 
a polygon be joined to any external point, the solid so 
formed is called a pyramid. Any section of a pyramid by 
a plane parallel to its base, is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sec- 
tions made by any plane parallel to the base are equal in 
every respect ; and, consequently, if we suppose the pyra- 
mids divided into an indefinite number of slices by planes 
parallel to the base, the volumes of the corresponding slices 
will be the same for all the pyramids ; and hence the entire 
volumes are equal. 

Also, if two pyramids have equal altitudes, but stand on 
diflferent polygonal bases, the volumes of the pyramids will 
be to each other in the same proportions as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 

cube, and whose vertex is at the centre of the cube, is 

the one-sixth part of the cube ; for the entire cube can be 

divided into six equal pyramids, one for each face. Hence, 

denoting the side of a cube by a, the volume of the pyramid 

a^ 
in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the vo- 
lume of any pyramid is the area of its base into one-third 
of its height.* 



* This demonstration is taken from Clairaulf s " El^mens de G€om6tne." 
The student is supposed familiar with the more ancient proof, from the property 
that a triangular prism can he divided into three pyramids of equal yolume. 

Q 2 
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If the base of the pyramid be any closed curve, the solid 
80 formed is called a cone ; and we infer that the volume of a 
cone is eqtcal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case each^ce of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the sur- 
face of the pyramid is equal to the rectangle under the semi- 
perimeter of the regular polygon and the perpendicular com- 
mon to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, I the length of 
an edge, and r the radius of its base, we have r = / sin a, and 
the surface* of the cone is represented by irP sin a. 

If a right cone be divided by two planes ABC, BEF^ 
perpendicular to its axis, as in figure, the o 

part intercepted by the planes is called a 
truncated cone. 

The surface of a truncated cone is 

easily expressed ; for if OA = /, OD = l\ , y 

the required surface is tt sin a (P - V^), /T" 

or 7r(/- V) (Z + I') sin a. 

Now, if the circular section LMN be Ly 
drawn bisecting the distance between / m" 

ABCaxidBEF, the circumference of the /. .^g 

circle LMNis tt (/ + /') sin a. Hence the ^C.^ 

surface of the truncated cone is equal to b 

the rectangle under the edge AB and the circumference of 

LMN its mean section. 

167 Surface and Volume of a Sphere. — ^To find the superfi- 
cial area of a sphere ; suppose a regular polygon inscribed in 
a semicircle, and let the figure revolve around the diameter 
^J?; then each side of the polygon, PQ for example, wiU 
describe a truncated cone. 
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Now, from the centre C draw CD perpendicular to PQ^ 
and construct as in figure; then, by the preceding article, 
the surface generated by PQ is 
equal to iir PQ . DI. 

Again, by similar triangles, 
we have DCi DI = PQ : MN, 
.\PQ.DI=nC.MN. 

Accordingly, since the per- 
pendicular CJD is of same length 
for each side of the polygon, the 
surft.ce generated by the entire polygon in a complete revo- 

lution is equal to 27r CD . AB = 47rJ2^ cos — ; where n repre- 
sents the number of sides of the polygon, and J2 the radius of 
the circle. 

If we suppose n to become infinite the solid generated 
by the polygon becomes a sphere ; and we get 47rjR' for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that ge- 
nerated by all the sides lying between the points A and Q is 
plainly equal to 27r CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc ^Q is equal to 21^ .AC .AN, Such a 
portion of a sphere is called a spherical cap. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of 
one-third of its height (i. e. the radius) by its base. Hence 
the entire volume of the sphere is one-third of its radius mul- 
tiplied by its surface, i. e. — B?. 

1 68. Surfaces of Revolution. — In the preceding we have 
regarded a sphere as generated by the revolution of a circle 
around a diameter. In general, if any plane be supposed to 
revolve around a fixed line situated in it, every point in the 
plane will describe a circle, and any curve lying in the plane 
will generate a surface. 
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Such a surface is called a surface of revolution; and the 
fixed line, round which the revolution has place, is called the 
aads of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
interceptea between any two such sections may be regarded 
as the umit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of ^, the area 
of the circle generated by a point (ir, y) is plainly equal to 
Try\ and the cylindrical plate standing on it, whose thickness 
is dx^ is represented by ir^ da:. 

Hence, the element of volume of the surface of revolution 
is wy^dXy and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and j3, is obviously 
represented by the definite integral 



'. 



in which the value of y in terms of x is to be got from the 
equation of the generating curve. 

In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by TT |iP*c?y, taken between suitable limits. 

Again, we may regard the surface generated by any ele- 
ment ds of the curve as being ultimately a portion- of the sur- 
face of a truncated cone, as in Art. 167 ; and hence the sur- 
face generated by cfe in a complete revolution round the axis 
of X is represented by 2Tryds ; and accordingly the entire 
surface generated is represented by 

27rjyefe, 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

169. The 8pLere.^-Let a;» + y» = a« be the equation of the 
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generating circle ; then, substituting a^ - x^ for y', we get for 
the volume 

F= 7r|(a' - x^) dx ^ irla^x j + const. 



27ra' 



If we take o and a as limits, we set for the volume of 

•3 

the hemisphere ; .*. the entire volume of the sphere is - — ' 

as in Art. 167. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 

TT I (a* - x^) dx = ttA* («--). 

Again, to find the superficial area, we have 

/ dy^\^ f a?^ a 

cfe = I + -r- ) flte = I + — I dx = -dxj /. yds = adx, 

\ dx") \ y J y 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissas Xi and x^ is 

27r adx = 27ra {xi - x^ ; 

that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 167. 

170. XUght Ckme. — If a denote, as before, the angle which 
the right line which generates a cone makes with its axis of 
revolution, we gety = x tan a, taking the vertex of the cone as 
origin, and the axis of revolution as that of x ; accordingly, 
the element of volume is it tan ^a xHx. 

Hence, if A denote the height of the cone, we get its volume 

equal to 

f* T 

w tan'o I x^ dx =^ - tan 'a A* : 
Jo 3 

i. e. - X area of its base, as in Art. 166. ^ 

3 
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Again, to find its snr&ce, we have ds » sec« dxy 
.'. 2w\yds = 2w tana seca I xdx = wk* tan« sees; 
which agrees with the result already obtained. 

EXAXFLES. 

1. The bate of a cylinder is a circle whose area is equal to tiie sar&ee of a 
sphere of radios 5 ft. ; being giy^i that the Yolnme of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 &et and 16 ft, find the 
height of the cylinder. ,Jmm. 64^ ft 

2. A solid sector is cut out of a sphere of 10 ft radius hy a cone, the angle 
of which is 1 20<> ; find the radius of the sphere whose solid contents are equal to 

those of the sector. .Amm, s \/ 2. 

3. Two cones have a common base, the radius of which is 12 ft ; the altitude 
of one is 9 ft., and that of the other is 5 ft Find the radius of a sphere whose 

entire maface is equal to the sum of the areas of the cones. Ana. 2i^27ft. 

171. Paraboloid of aevolution. — Writing the equation of 
a parabola in the form y' = 2Tnx, we get for the volume of the 
solid generated by its revolution round the axis of x 

2irm (xdx = irmx'^ + const. = - v^x + const. 

2 

Hence, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

TT 

point (a?i, t/i) is represented by - yi^iTi, i. e. is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

172. Spheroids of Revolutiioii. — If we suppose an eUipse 
to rev^j^round its axis major the surface generated by the 
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evolving curve is called a prolate spheroid. If it revolve 

aund the axis minor, the surface is called an oblate spheroid. 

TKe volume of a spheroid is easily obtained ; for, taking 

; + ^ = r aa the equation of the curve, we get, onsubBlitut- 

V" jT — \(a* -x^}da;= —- X i a' | + const. 

a'r «' \ 3/ 

[ence the entire volume is — ab\ In like manner, the vo- 
3 

ome of an oblate spheroid is obviously — 6a*. 
3 . 
173. Snr&oe of Sphered. — In the case of a prolate sphe- 



■ yds^(tf' + — x'\ dx 

Hence, if CN = x» 
IM = io, we get for 8, the 
one generated in a coni- 
lete revolution by the arc 

be 



, ,\i, be fa' \i 
fx^ ]dx = ~[---x'\di 



1=2W- 



]dx. 




fow, if we take CD = -, and construct an ellipse whose 

emiaxes are CD and CB, it is easily seen (Art. 126) that 
he elementary area between two consecutive ordinates 



.rea of the zone generated by the arc PQ is n- times the area 
if the portion i*i Q, Q, P, of this ellipse. 
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Again, if AEi be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 41 
X the area BCAEi ; but this is seen, without difficulty, to be 

, oh , , s 

27r6* + 27r — sin"^ e. (ij 

e 

In like manner, we get for the surface S generated by the 
revolution of an ellipse round its minor axis 

S = 27r xds = 27r [ a* + -74- y^ ) dy 

If this be integrated, as in Art. 148, we get, after some ob- 
vious reductions, 

S = TT J.[a^eY^b^ j + T - log ^^/ ^' 

If this be taken between the limits o and J, and doubled, we 
get for the entire surface of the ellipsoid 

27r a' + IT — log . (2) 

e ° \i - eJ 

It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is tt times the area of a corre- 
spondiing portion of the nyperbola 

bounded by lines drawn parallel to the axis of a?. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 
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Examples. 



I . Find the volume of the surface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and »,' t 
X>B as co-ordinate axes, we have (see Dif. 
Cal., Art. 263) 

« = a(0 + sin 0), y = a(i + cos 0), 

where l PCL =0. a -m n 
Hence ^^ ^ 

dV = flry* dx = 7r€fi{i + cos 0)' rf0 ; 

.*. for the entire volume F, we get 

fir f* , 

V = 27ra3 (i + cos 0)' (^ = i67ra3 I cosP - d^ 
Jo J 2 




= 327ra3 I 



Hence 



- <6 

a cos80d0, making - = ; 

2 





2. Find the whole sur&ce generated in the same case. 



47ra'* I (I + cos 0) cos - 



^ere S=2ir \yd8 = 47ra* I ( 

hence the entire surface is 

- , 647rfl* 



rir 

327ra' cos^ - <^ 

Jo 2 



3. Find the volume and the surface of the solid generated by the revolution 
of die tractrix round its axis. 

(i) Here we have 

hence the volume generated by 
the portion AF is 

«•[ " (a» - y2)* ydy^'^ (a'-y*)!. 
Jy 3 

The volume generated by the 

25r 
entire tractrix is — a' : i. e. half 

3 
the volume of the sphere whose radius is OA. 
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[2.) The surface generated by APib 

2v r pds = lira I dy; (see page 204% 
= irra (a - y). 

Hence the entire surface generated is 27ra' ; L e. half the surface of the sphere 
of radius OA, 

4. Find the volume, and also the surface, generated by the revolution of tie 
catenary around the axis of x. 

( I ) here the volume of the solid generated 
by VF is i-epresented by j^ 



(■ ira' f • — — 
y^dx^ Q«« + c« + 2) <to 
' 4 Jo 



^e -tx 






— (ys + ax) : 
2 




where » = PK. 
(2). Again, since 



we have 



X -X , 

' a 



2irc 
iTTJyds— — I y'^dx, 
a J 



2 
Consequently the surface generated by FT in a complete revolution is - 

X the volume generated; i. e = at (y* + ax). 

5. In the same curve to find the surface generated by its revolution around 
the axis OV. 
Here 

X . -as 



i8'=27r ra;<29= ir I xe" dx + vixe ' dx. 



Again, 



Also 



I 



X 
X — 



X 
'X — 



x««cto= aay^** 



-a I ««rfdj = a(a;a*-a#*+ a). 

Jo 



j' 



xe " dx 



18 obtained by 




of a in the last result. 
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Hence 






-* 



X e ^dx = a' — axe " — a* ^ « . 



N 


i 


"^ 


c 


E 


B 


KM 


x; 



= a 9r (a* + a:# - ay), 

174. If a closed curve, which is 
symmetrical with respect to a right 
ine, be made to revolve round a pa- 
rallel line, then the superficial area 
venerated in a complete revolution 
s equal to the product of the length 
)f the moving curve into the cir- 
jumference of the circle whose ra- 
lius is the distance between the 
)arallel lines. 

This is easily proved, for let APBP' be any curve, sym- 
netrical with respect to AB^ and suppose OX to be the axis 
>f revolution ; and draw PN^ QM two infinitely near lines 
)erpendicular to the axis. It is evident .that PQ = P^Q\ 
\gain let PN = y, P'iVT = t/\ PQ = P'Q' = ds, DN = b ; then 
he sum of the elementary zones described by PQ and 
^' QJ in a complete revolution is 

27r {y 4- y') ds = 47rb ds, 

/onsequently the surface generated by the entire curve is 
irbS, where S denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
erated : viz., the volume generated is equal to the product 
f the area of the revolving curve into the circumference of 
le same circle as before. 

For the volume of this solid is plainly represented by 



rby 



ut the area of the curve is represented by 
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consequently; denoting this area by A^ and the volume by Fi 
we have 

V - 2Trby^A. 

In these results the axis of revolution is supposed not to 
intersect the curve ; if it does so, the expression 2irJ x il re- 
presents the diflference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar altera- 
tion must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is 47r*rt b ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is 2ir^a^b. 

175. Ouldin's Theorems. — The results established in the 
preceding Article are but particular cases of two general pro- 
positions, usually called Guldin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Proolenui, 
p. 39). They may be stated as follows : — 

(i). If a plane curve revolve round any external axis, situ- 
ated in its plane, the area of the surface generated is equal to 
the product of the perimeter of the revolving curve by the 
length of the path described, during the revolution, by the 
centre of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the 
solid generated is equal to the product of the area of the ge- 
nerating curve into the path described by the centre of gravity 
of the revolving area. 

To prove the former, let S denote the whole length of the 
curve, ar, y, the co-ordinates of one of its points, Xj y, the co- 
ordinates of the centre of gravity of the curve ; ^en, as is 
shown in Elementary Mechanics, we have 

y g , 

.*. 2Try S^ 2Tr\yd8j 
1. e, the surface generated by revolution round the axis oix is 
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equal to the product of 5, the length of the generating curve, 

into 27r y, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point ^, y. Also let 5, y be the co-ordinates 
of the centre of gravity of the area, then 

y = ^ = ^ ^ ^ ^ (substituting dx dy for dA\ 

/. 2ityA = 2w Wydxdy ^ irly^dx; 

where the integral is supposed taken for every point round the 
perimeter of the curve : but, from Art. 168, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition in question follows. 

For example, the volume of the ring generated by the 
revolution of an ellipse around any exterior line situated in 
its plane, is plainly 27r^ abc, where a and b are the semiaxes 
of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
round the axis through any angle. For, let be the circular 
measure of the angle of rotation, and in the former case we 
have 

OyS = Ojyds. 

But By is the length of the path described by the centre 
of gravity, and 6 J yds is the area of the surface generated by 
the curve, .-. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Guldin's theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the part of the surface corresponding 
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to each axis of revolution separately, ^^^ therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce tne following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

176. The method given in Art. 168 of investigating the 
volume bounded by a surface of revolution can be readily ex- 
tended to a solid bounded in any manner. For, if we sup- 
pose the volume divided into slices by a system of parallel 
E lanes, the entire volume may, as before, be regarded as the 
mit of the sum of a number of infinitely thin cylindrical 
plates. Thus, if we suppose a system of rectangular co-ordi- 
nate axes taken, and the cutting planes drawn parallel to that 
of xy ; then, if Ag represent the area of the section made by 
a plane drawn at the distance z from the origin, the entire 
volume is denoted by 

j Azdz, 

taken between proper limits. 

The area Ag is to be determined in each case as a func- 
tion of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
cut off" by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

A,: B = z^:h\ or A,= '^^' 



B {^ 

= — ^5 



dz = ^ B X h; as in Art. 166. 



,-c ^!I!^?r^''^"V'? P,'^""^^ ^® P^^^ll^l *o tl^at of y2, the volume 
LnTft 5^ /^^^' 71^^^^ ^^ denotes the area of the sec- 
tion at the distance x from the origin. 
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177. Volume of EUiptio PaarabololdU — Let it be proposed 
to find the volume of the portion of the elliptic paraboloid 

P ? 

cut oflf by a plane drawn perpendicular to the axis of the sur- 
face. Here» considering z as constant, the area of the ellipse 

- + — = 2S, by Art. 126, is 27r 3 vpq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of tne surface, we have 

F = 27r \/^ pq I zdz = IT */ pq <J*. 

This result admits of being exhibited in another form ; for if 
B be the area of the elliptic section made by the bounding 
plane, we have 

B = 2vc */pq. 

Hence V ^ ^ circumscribing cylinder, as in paraboloid of re- 
volution. 

178. The XUipeold. — Next, to find the volume of the el- 
lipsoid 

The section of the surface at the distance z firom the origin 
is the ellipse 



_ 4. €_ cs I — • 

a^ b' o« ' 



the area of this ellipse is 

TT f I — 2 J a^, i. e. ^, = TT f I — ^\a. 

Hence, denoting the entire volume by F, we have 



F= 2irab ( I 7) ^'2 = -irahc. 



R 
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179. It IS sometimes more convenient to refer the surface 
to a system of oblique axes. In this case, if, as before, we take 
the cutting planes parallel to that of a:y, and if oi be the angle 
the axis of z makes with the plane of ;ry, the expression for 
the volume becomes 



smoi 



J Az dzy 



taken between proper limits, where Ag represents the area 
of the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off by any plane. 

Suppose DED'E' to represent the 
section made by the plane, a,nd ABA^B^ 
the parallel central section. Take OAy 
OB, the axes of this section, as axes 
of X and y respectively ; and the con- 
jugate diameter OC as axis of 2. 

Then the equation of the surface is 







a 



/2 



b'^ 



./2 



= I 



where OA = a', OB = b\ OC = c'. 

It will now be convenient to transfer the origin to the 
point C\ without altering the directions of the axes, when 
the equation of the surface becomes 



a 



t 



/2 "^ J/2 



22 






The area A^ of the section, by Art. 126, is 



•va'h 



fk/ 



/2Z _^ S» \ 



hence, denoting (7'JV by A, the volume cut off by the plane 
DEB^ is represented by 



or 



^a'h' sm cu . 
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But, by a well-known theorem,* we have 

a'b'& sin oj = ahc, 

where a, 6, c, are the principal semiaxes of the surface. 

Hence the expression for the volume Fin question be- 
comes 

C'N 
or, denoting y^ by ky 



V = irabck' 



(■ - 1) 



This result shows that the volume cut off is constant for all 
sections for which k has the same value. Again, since 

ON 

--— « I ~ A, the locus of iV is a similar ellipsoid ; and we infer 

that if a plane cut a constant volume from an ellipsoid the hcus 
of the centre of the section is a similar and similarly sitimted 
ellipsoid. 

The corresponding results for the elliptic paraboloid can 
be deduced from the preceding by adopting the usual method 
of such derivation : viz., by taking 

a' « pCf b^ = qo, 

and afterwards making c infinite : observing that in this case 

the ratio — becomes unity. 

Making these substitutions in (3) it becomesf 

F=7r \/py h^(i ; )> or irh^ n/^J, since c^ = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volumef of the segment cut from the paraboloid by the 
plane is constant. 

* Salmon's Geometry of Three Dimensions, Art. 96. 

t For a more direct investigation the student is referred to a memoir ** On 
some Properties of the Paraboloid," Quarterly Journal of Mathematics, Juno, 
1 874, by Professor AUmdn. 

R 2 
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Examples. 

I . A cylinder intersects the plane of xt/ in an ellipse of semiaxes OA = a, 
OB = b, and the plane of 22 in an ellipse of semiaxes OA = a, 00^ e; the 
edges of the cylinder being parallel to SC; find the yolume of tlie portion of 
the cylinder bounded by the three co-ordinate planes. Ans. ^ abe. 

2. The axes of two equal right cylinders intersect at right angles ; find the 
yolume common to both. Ans. y a^, where a ia the radius of either cylinder. 
This surface is called a Groin, 



180. Volume by Double Integratioii. — In the application of 
the preceding method of finding volumes, the area represented 
by -4x, instead of being immediately known, requires in gene- 
ral a previous integration; so that the determination of the 
volume of a surface involves two successive integrations, and 
consequently Fis expressed by a double integral. . 

Thus, as the area Ax lies in a plane parallel to that of yz, 
its value, as in Art. 124, may generally be represented by 
^zdj/f taken between proper limits. Hence Fmay be repre- 
sented by 

J[j2rfy]cfo, 

or, adopting the usual notation, by 

J J zdydx^ 

taken between limits determined by the data of the question. 
The value of 2 is supposed given by a relation z =y(x, y), 
by means of the equation of the bounding surface ; hence 

J ^^y = ifi^y y) dy. 

In the determination of this integral, we regard « as a 
constant (since all the points in the area have the same value 
of a;), and integrate with respect to y between its proper 
limits. 

Thus, if yi and y© denote the limiting values of y, the de- 
finite integral 



f. 



' f{^^y)dy 







becomes a function of x ; this function, when integrated with 
respect to x between the proper limits, determines the Tolume 
in question. 
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If Xi and xo denote the limits of r, V may be represented 
by the double integral 



k' lyi'^t/)'^^'^- 



re, in which we siip- 



We shall exemplify this by a 
pose the volume bounded by 
the plane of xif, by a cylinder 
perpendicular to that plane, and 
also by any surface.* Let 
RPR'Q represent, the section 
of the cylinder by the plane of 
xy ; and suppose PMNQ to be 
the section of the volume by a 
parallel to yz at the distance x 
Irom the origin. Let PI. = vi, 
QL = y„ then the area PMNQ 
is represented by the integral 



The vainest of Ji and y^ in terms of a; are obtained from 
the equation of the curve RPR'Q. 

Again, suppose P'M'N'Q' to represent the parallel section 
at the infinitesimal distance dx from PMNQ, then the elemen- 
tary plate between PMNQ and P'M'N'Q' is represented by 




X zdy. 
K 



Now, if .Rrand R"P be tangents to the bounding curve, 



• The defennination of a volume of aaj form is virtually cQntainKd id this. 
For, if we Bupposetlie surface circumBcribod Ijy a cylinder perpendicular to the 
plane of xy, the required yolmne will hecome the difference between two cylin- 
ders, bonoded by the upper and lower portions of the surface, respectively. 
See Bertrand, Cal. Int. \ 447. 

t In our inveatigationwehave aajumedthat theparallela interaect the curve 
in but two points each; the general case is omitted, as the salution in such 
cuaei can bo rarely obtained, and alio aa tlu invaatigiitian is unsuited for an 
olemealary treatise. 
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perpendicular to the axis of or, and if OT = Xi^ 0T= Xq, the 
entire volume is represented by 



\ ^ \ ^ zdf/dx. 



It should be observed that zdy dx represents the volume 
of the parallelopiped whose height is 2, and whose base is the 
infinitesimal rectangle having (kc and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelopipeds corresponding to every point within the area 
RPRQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x\ and afterwards 
with respect to y, or vice-versd ; i.e. whether we conceive the 
volume aivided into slices parallel to the plane ofajz, or to that 
oi yz. 

We shall illustrate the preceding by an example.* 

Suppose RPR'Q to be the circle 

(a:-a)»4. (y - h)^ ^ R\ 

and the bounding surface the hyperbolic paraboloid 

xy ^cz\ 
then we have 

yo^h- y A^^M^"^^, yi = 6 + Vi?^ - (a? - a)\ 



and 



[' zdy^l y xydy = - [y,^ - yo'J = — ^ R" - (a: - af. 



Again ^1 « a + /?, xq^ a - R, 



2h ra*R 

c 



a-R 



\/i2« -{x - ay xdx. 
Now let X - a = R sin 0, and we get 



* This example ia taken from Cauchy's Applications Gcom^triquesda Calcul 
Infinitesimal, p. 109. 



Double Integration. 247 



V = cos^e (a + i? sin fl) d9. 

"2 



IT IT 



But f ' cos^fl dO^-^ V cos^e sin QdB^o, 

J n 2 J - 



ir 
2 "1 



.-. K=7r . 

c 

181. Double Integration. — From the preceding Article it 
is readily seen that the double integral 

can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 

\\xydx.dy 

taken for all values of x and y subject to the condition 

{x - d)^ + (y - 6)« - jB» < o ; 

and similarly in other cases. 

When the limits of x and y are constants, as in 



fa' rb» 



the double integral represents the volume cut by the surface 

from the parallelopiped whose base is the rectangle formed 
by the lines 

(P = rt, 4? = a', y = ^, y = h\ 

It is plain that in this case the order of integration is in 
difi'erent, as already seen in Art. 113. 
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182. It is sometimes more convenient to refer the curve 
RPR'Q to polar co-ordinates, in which case we conceive the 
area di video into infinitesimal rectangles of the type rdrdO, 

The corresponding parallelepiped is represented by 
zrdrdOj and the expression for V becomes 

r=jjzrdrde, 

taken between proper limits. 

For instance, it the bounding surface be a sphere, whose 
centre is the origin, we have 



z = \/a* - r*, 
and the equation becomes 

F = JJ Va^-f^rdrdO; 

but J y/a* - r« r dr = - ^ (a» - r')5. 

Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have. 

F = H («' - ^')* ^^. 

where we suppose each radius of the sphere to cut the <ry- 
linder in but one point. 

For example, let the base of the cylinder be the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere ; then 

r« = a» co8*e + b* sin«6>, 
and F=i(a»-6*)ij8in»flrfe. 

If this be integrated between the limits o and — , we get 
the |th of the entire volume ; hence 

9 
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Examples. 

1. A sphere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the yolume common to both surfaces. 

Ans. , a being the radius of the sphere. 

3 9 

2. If the base of the cylinder be the complete curye represented by the 
equation r = a cos n9, where n is any integer, find the yolume of the solid be- 
tween the surface of sphere and the external surface of the cylinder. 

183. It is readily seen, as in Art. 138, that the volume in- 
cluded within the surface represented hy the equation 



F 



\a' h^ c ) 



is abc X the volume of the surface 

F(j^y Vy 2) « o. 

For, let - = ir^ r = y'> ~ = ^'y ^^^ ^® shall have 
a c 

zdxdy = abcz^dx*dy*j 

and .-. jj zdxdy =» abc ^l z^dx^d^; 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point (a?, y, z) move along a plane, the cor- 
responding point (x\ y\ z') will describe another plane. From 
this property the expression for the volume of an ellipsoidal 
cap (Art. 179) can be immediately deduced from that of a 
spherical cap (Art. 169). 

In like manner the volume included between a cone en- 
veloping an ellipsoid and the surface of the ellipsoid is redu- 
cible to the corresponding volume for a sphere. 
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184. Quadrature on the Sphere. — We next propose to give 
a brief discussion of quadrature on a sphere, and commence 
with the results on the subject usually given in treatises on 
Spherical Trigonometry. In the first place, since the area of 
a lune is to that of the entire sphere as the angle of the lune 
to four right angles, the area of a lune of angle A is repre- 
sented by 2R^A ; where R is the radius of the sphere, and A 
is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by it* (-4 + J5 + (7 - it) ; for, the sum of the three lunes ex- 
ceeds the hemisphere by twice the area of the triangle, as is 
easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

S = i? {^ + £ + C + &c. - (n - 2) tt} ; 

A^ B, Cy &c., being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
a\ h\ c\ &c., we have 

-4 = TT - a', B - IT - b\ &c., 

and consequently 

2 = J?M 27r - (a' + i' + c' + &c.)) . 
Or, denoting the perimeter of the polar figure by S, 

S + jK5 = 27r2?. (5) 

This proof is perfectly general, and holds in the limit, 
wlien the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected 
with the perimeter of its polar curve by the relation (5). 

Again, the spherical area bounded by a lesser circle (Art. 
167) admits of a simple expression; for, if p denote the cir- 
cular radius of the circle, or the arc from its pole to its circum- 
ference, the area in question is represented by 

27r/?'''(i - cosp); 
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for (see fig. Art. 167) we have 

AN ^ AC - CN ^R[i - cos p). 

This result also follows immediately as a simple case of 
equation (5). 

Again, the area bounded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

R^a (i - cosp), 

where a is the angle between the arcs. 

We can now find an expression for the area bounded by 
any closed curve on a sphere ; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
point, and of the angle POX between 
this arc and a fixea arc through 0. 
These are called the polar co-ordi- 
nates of the point, and are analogous to 
ordinary polar co-ordinates on a plane. 

Now, let OP = p, and POX = w, 
and any curve on the sphere may be supposed to be ex- 
pressed by a relation between p and cu. 

Again, suppose OQ to be an infinitely near vector, and 
draw PR perpendicular to OP; then, neglecting the area 
PQRf the elementary area OPQy by the preceding, is repre- 
sented by 

jR* J(i - cosp) dw. 

Hence the area bounded by two vectors from is ex- 
pressed by the integral i?J(i -cosp)do}, taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 

i?' I (i - cosp) d(jj. 

The value of cos p in terms of co is to be determined in 
oMch case by means of the equation of the bounding curve. 
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The integral it* cos p du) obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a defi- 
nite integral ; for, regarding PMQ as ultimately a right-angled 
triangle, we have, in the limit, 

P^ = PiP + RQ" : also PiZ = sin p dw. 

Hence ds^ » dp^ + sin* p rfm, 

or ds a dfaf 



8 






Examples'. 

I. Find the area of tbe portion of the surface of a sphere which is intercepted 
by a right cylinder, one of whose edges passes through tibie centre of the sphere, 
and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r = jS sin m, jS 
being the radius of the sphere, and w being .measured from the tangent to the 
circular base. 

Again, from the sphere we have r = fi sin p, .*. p = a> is the equation of the 
curve of intersection of the sphere and the cylinder ; hence the area in question 
is 



2i2* (i - cos w) dut = 2jB' [ I L 



This being doubled gives the whole intercepted area = zttS* — 4JB*. 

In general, if r =/(w) be the equation of the base of a cylinder, it is easily 
seen that the equation of the curve of its intersection with the sphere may 
be written in the form J2 sinp =^(01). 

For example, let the diameter of the right cylinder be less than half that of 
the sphere, and, writing the equation of the base in the form r =s a sin w, where a 
is the diameter of the section, we get JB sin p = a sin a», or sin p » jc sin ca (where 
c is < i), as the equation of the curve of intersection of the sphere and the 
cylinder. 

Hence the intercepted area is denoted by 

2i2» j ( I - v/i~«r« 8in»(u) <?<tf = TriJa - 2 Ra I ^/i - «• sin«« i/w. 

JO . 

Hence the area in question depends on the rectification of an eUipse. 
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2. Find the area of the portion of the surface of the cylinder intercepted 
by the sphere, in the preceding. ^ « 

Here the area in question is easily seen to he represented hy 2Jzd8, where 
ds denotes the element of the curye which forms the hase, corresponding to the 
edge 2. 

Now (i), when the diameter of the hase is equal to the radius of the 8phere> 
we haye 

e = Scoaw, and da = Jiduf, 

ir 

.'• area in question « 2E^ I coaut dta *= 4JS*. 
(2). When the diameter is less than the radius of the sphere, 

2 «^« = 2a J y/jC^ - a' sin^w dta = laJZ I y/i - <c* sin*w dw, .'. &c. 

185. Quadrature of Snrfaoes. — In seeking the area of a 
portion of any surface we regard it as the limit of a number 
of infinitely small elements, each of which is considered as a 
portion of a plane which is ultimately a tangent plane to the 
surface. Now let dS denote such an element of the super- 
ficial area, and da its projection on a fixed plane which makes 
the angle with the plane of the element ; then, from ele- 
mentary geometry, we shall have 

d<T = cos diS, or dS = sec da. 
Hence 5 = Jsec9rf<7, 

taken between suitable limits. 

The applications of this formula usually involve double 
integration^ and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; viz,, 
by supposing the surface divided into zones by a system* of 



* I am not aware to whom this method is due, hut it has heen employed in 
a more or less modified form hy M. Catalan, Liouyille, tome iy., p. 323, hy 
Mr. Jellett, Camh. and Dub. Math. Journal, vol. i., as also by other writers. 
Such curves are called parallel curves by M. Lebesgue, Liouyille, tome xi., 
p. 332, and ** Curven isokliner Normalen," by Dr. Schlomilch. 
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curves along each of which the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and + dO; and, if dA 
be the projection of this area on the fixed plane, we plainly 
have do = sec BdA. 

If we suppose the surface referred to a rectangular system 
of axes, the fixed plane being that of xi/ ; and, adopting the 
usual notation, if we take X, jic, v as the direction angles of the 
normal at any point on the surface, we get for dS, the area of 
the zone between the curves corresponding to v and v + dv, 
the equation 

dS = secvdA^ 

where A denotes the area of the projection on the plane of 
oay of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are fur- 
nished by surfaces of the second degree, to which we proceed 
to apply it, commencing with the paraboloid. 

1 86. Quadrature of the Paraboloid. — Writing the equation 
of the surface in the form 

— + — = 22, 

P Q 
the equation of the tangent plane at the point [a, y, z) is 

xX vY ^ 

p q 

where X, F, Z are the co-ordinates of any point on the plane. 
Comparing this with the equation 

-X" cos X + F cosju + Z cos v = P, 

3C II 

we get cos A « - cos v^ cos a = - cos v : 

P q 
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substituting in the identical equation 

COS^A + COS^/JL + cosV = I, 

we get — +, ii- = tan'i;. (6) 

Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

^^ y^ 

-. + - = tanV. 

The area A of this ellipse is irpq tan^v ; accordingly, we 
have 

dA = wpqd (tan^v), 

.*. dS = irpq sec v d (tan'v) = irpq sec v d (sec^v) ; 

hence the area of the paraboloidal cap bounded by the curve 
V = a is 

irpq sec vrf(secV) «= iirpq (sec'o - i). 

Also the area of the belt* between the curves 
V = a and v = o' is iirpq (sec'a' - sec'a). 

187. Quadrature of The Slliiwold. — Proceeding in like 
manner to the ellipsoid 

a?* y^ 2* 



♦ This form for the quadrature of a paraboloid is, I believe, due to Mr. Jel- 
lett ; see Camb. and Dub. Math. Journal, vol. i., p. 6^, The proof given above 
is in a great measure taken from Mr. Alhnan's paper in ^ho Quarterly Journal, 
already referred to. 
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the equation of the tangent plane at the point {xy y, z) is 

Xx Yy Zz 

a* 0' (^ 

Hence, comparing with the equation 

X cosX + Y cosfi + Z cos V = P, 
we get 

cos X = — : - cos vy cos ii = rr - cos v. 

a^z ^ b^ z 

Hence, we have 

cos*v - -I + T7 = cos*A + cosV = sin^v ; 

/|j2 «i* »2 

or, substituting i -^ - ^ for -, 

^f a'sinV + c'cos'i; J + pf J^sin^iz + c' cosV ) = sinV 

This shows that the projection on the plane of ^y, of a 
curve along which v = constant, is an ellipse. 
Again, the area A of this ellipse is 

ira^ b^ sin'v 



(a* sin*v + c^ cos*v)i (6* sin^v + c' cos»v)i' 

and, accordingly, the area dA of the elementary annulus be- 
tween two consecutive ellipses is 

^ dv\{c^ sinV + c* cos*i;)i (6* sin*v+c' cos*v)i) 

The corresponding elementary ellipsoidal zone dS is re- 
presented by 

7rc^d_i sin^v | 

cos V dv I (a* sin*i; + c' cos*i;)i (6* sin'v + c' C08*v)i) ^ 
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Now, if S denote the superficial area between two curves 
corresponding to v = a and v = a\ after one or two reduc- 
tions, it is easily seen that 



where 



= [•' 

ja [h^ sin^v 



8 = Trd:'b^c'[I'^ 1% 
sin V dv 



J« (a* sin^i; + 



+ c^ cos*v)^ (a^ sin'^i; + c^ cosV)*' 
sin V dv 



c" cosV)^ (6* sin^v + & cos^v)** 



Now, the former of these integrals is represented by an 
arc of an ellipse, and the latter by an arc of a hyperbola ; it 
being assumed that a>h>c. 

For, assuming a^-(? = a* «^ and 6^ - c^ = 6^ ^/a^ ^^^^ making 
cos V = a?, we get 

jj_^ |.C08o ^ 



I rcoSa 



dx 



(i -e''x'')^{i -e'^x^y 

Again, let ex = sin in the former integral, and e^x « sin 
in the latter, and we get 

" ahA [e^ - e"" sin^fl)* 

^ a^b] {e"" -c'sin^e)^* 

Now, since e > e\ the former integral represents an arc of 
an ellipse, and the latter an arc of a hyperbola. (See Ex. 18, 
p. 225). 



* This form for the quadrature of an ellipsoid is giyen by Mr. Jellett in the 
memoir already referred to. He has also shown that the ellipse and the hyper- 
bola in question are the focal oonics of the reciprocal ellipsoid; a result .which 
can be easily arrived at from the forms of / and J' given above. 

For appUcation to the hyperboloid, and further development of these results 
the student is referred to Mr. Jelletf s memoir. 
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I. A sphere of 15 feet radius is cut by two parallel planes, at distances of 
3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes. Ans. 376.9908 sq. feet 

2. Being given the slant height of a right cone, find the cofiine of half its 
vertical angle when its volume is a maximum. .Ansm —-z» 

3. Prove that the volume of a truncated cone of height h is represented by 

— (JP + J?r + ri), 

where jR and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius R, the vertex of the cone 
being at the distance I) from the centre ; find the ratio of the superficial area 

of the cone to that of the sphere. Ana. . 

5. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of the volume of C over the sum of the volumes of A 
and B. Ans. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difierence of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difference. 

7. Find, in terms of the 6ides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

* 3 c 

8. Apply Guldin's theorem to determine the distance from the centre, of the 
centre of gravity, (i) of a semicircular area ; (2) of a semicircular arc. 

^''*- (0 —•, (a) — . 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

«» s Ax* + By* 

by any plane parallel to that of ary, is th part of the cylinder standing on 

the plane section, and terminated by the plane of xy. 
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11. If a sphere and its circumscribing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prove that the intercepted portions of the 
surfaces are equal in area. 

1 2. The axis of a right circular cylinder passes through the centre of a 

sphere, find the volume of the solid included between the concave surface of the 

sphere and the convex surface of the cylinder. 

trc 
Ans, —2-, where c is the length of the portion of any edge of the cylinder 

intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ans. lira i ca >, 

where a = radius, c = distance of chord from centre, and cos a = - 

a 

In this we suppose the arc less than a semicircle ; the modification when it 

is greater is easily seen. 

14. If the ellipsoid of revolution 



and the hyperboloid 



9 ■ . **y* s 

0' 






be cut by two planes perpendicular to the [axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 

1 5. Find the entire volume bounded by the surfaee 



(ii'Hr/H'.i- 



abc 
Ana. — . 
90 



and by the positive side of the three co-ordinate planes. 

16. Find the volume of the surface generated by the revolution of an arc of 
a parabola round its chord ; the chord being perpendicular to the axis of the 
curve. 

Q 

Am, — n b^Cy where c is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

17. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Ans. I wd (r« - rf2). 
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18. Find the area of a spherical triangle; and prove that if a eunre traced 
on a sphere have for its equation sinX ==/(/)» X denoting latitude, and I longi- 
tude, the area between the curve and the equator = J/(0 ^^* 

19. 8how that the volume contained between the surface of an hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is pn^rtional to the distance between those planes. 

20. In example of Art. 180 find the entire surface of the portion of the 
cylinder included between the hyperbolic paraboloid and the plane of xy, 

2 1. Find the entire volume of the surface 

^rrabc 



(f)'*(fMJ)'- 



jin*. 



S • 7 



22. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the spherical surface intercepted within the cone. 

23. Prove that the volume of the portion of a cylinder intercepted between 
any two planes, is equal to the product of the area of a perpendicular section ) 
into the distance between the centres of gravity of the areas of the bounding '■ 
sections. ! 



I 
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1. If a be the sagitta of a circular segment whose base is b, prove that the 
area of the segment is, approximately, 

2 fl' 
<= - a* + — r. 

3 2* 

2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and shew that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described on 
its axes as diameters. 



3. Integrate the expression 

dB. 



J a sin»e + ^C08 «g 



Bin& 

4. If the symbols sin hyp. A, cos hyp. -4, represent the hyperbolic sine and 
cosine of J (see Ex. i, p. 172) ; find the values of sin hyp. (A + B) and cos 
hyp. {A -\- B) in terms of the hyperbolic sines and cosines of A and B» 

Ana, Cos hyp. {A -t B) = cos hyp. A cos hyp. B + sin hyp. A sin hyp. B, 
sin hyp. {A ^^ B)-=- sin hyp. A cos hyp. B + cos hyp. A sin hyp. B. 

5. In a spiral of Archimedes, if P, Q, and P', Q' be the points of section with 
any two branches of the curve made by a line passing through its pole ; prove 
that the area bounded by the right line and by tiie two branches is half Uie area 
of the ellipse whose semi-axes are FP* and FQ, 

6. Find the value of 



)' dx jx + a 
X + a yx+ b' 



7. If an ellipse roll upon a right line, show that the differential equation of 
the locus of its focus is 



dy 



Cy" + **)/= V(2«y + y'* + **) (^^y - y* - **)• 

8. A circle rolls from one end to the other of a curved line equal in length to 
the circumference of the circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. 

9. In the same case show that the entire length of the path described is 
8 times the diameter of the circle. ' 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 
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1 1. Evaluate the following integrals : 

f <fa I , . f (!+«)*<& 

J\/tan«* J^ J(i 4-a;*)(i 4-a:*) 

12. Being given any plane closed curve; if ds represent an infinitely small 
superficial element of area at a point outside the curve, and /, t' the lengths of 
the tangents from the point to the curve, and d the angle of intersection of these 

ds sin 9 
tangents : prove that the sum of the quantities represented hy — — — taken for 

all points exterior to the curve is equal to iir^. (M. Moreau, Nouv. An. de 
Math. 1874]. 

13. If a curve he such that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelopiped is to that of its least 
circumscribed ellipsoid as 2 : its/ z- 

15. Prove that 

f> dQ __ C0 de 

J v/i - «« 8in*e ~ Jo ^/c« - 8in«y ' 

where sin /3 — c sin a. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these tnangles have all the 
same area. 

17. Show that the value of the integral 

dy 



r. 



i/y*" - 1 

may be exhibited by the following geometrical construction. Let the curve 

fit 

whose equation is r™** cos w = i roll on the axis of a;, take the points 

m ■*■ 2 

(^i» Ph) {^2> ya) 0^ t^6 roulette described by the pole, such that yi = a, y, = by 
then 



18. If » be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

s - t = j BiR pdta. 
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The proof is similar to that of the corresponding theorem in piano. See Art. 
'54- 

19. Prove that the volume of a polyhedron, having for bases any two poly- 
gons situated in parallel planes, and for lateral faces trapeziums, is expressed 
by the formula 

where S is the distance between the parallel planes, B and B' the areas of the 
polygonal bases, and B*' the area of the section equidistant from the two bases. 

20. If S be the length of a loop of the curve r» = a* cos n9, and A the area 
of a loop of the curve r^ = a"" cos 2«0, prove that 

Ax S = — . 

21. Find approximately the area, and also the length, of a loop of the curve 

r§ = at cos — ; (see Dif. Cal. Art. 261). 
3 

Am. area = a* x 0.56616, 

length = a X 2.72638. 

22. Show from Art. 134, that if a parabola roll on a right line, the locus of 
its focus is a catenary. 

23. If ^ be the area of any oval, B that of its pedal with respect to any inter- 
nal origin 0, and Cthat of the locus of the point on the perpendicular whose 
distance from is equal to distance of point of contact from ; prove that 
Aj By C, are in arithmetical progression. 

24. The arc of a curve is connected with the abscissa by the equation 8^ = kx, 
find the curve. 

25. If the co-ordinates of a point on a curve he given by the equations, 

a: = c sin 2© ( I 4- cos 20), y = c cos 20 ( i — cos lO), 
prove that the length of its arc, measured from the origin, is 

- e sm 30. 
3 

26. Show how to find the sum of every element of the periphery of an ellipse 
divided by any odd power (2r + i) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of the fifth power. 

(Mr. W. Roberts.) 



-^na. — ^, f V cos >0 + ^ sin *9f'^ d9. 



This gives —r — when r = 2. 
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27 . A sphere intersects a right cylinder, prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the greatest 
and least intercepts made hy the sphere on the edges of the cylinder. 

28. Show that the equations of the involute of a circle are of the form 

x = a cos ip + aip sin ^^ y- a sin — a0 cos 0, 

and prove that the length of the arc of this involute, measured from *= o, is 
one- half of the arc of a circle which would be described by a radius eq ^ to the 
arc of its evolute moving through the angle 0. 

29. Show tliat the area of the cassinoid 

r* — 2a"r* cos 20 + a* = 6* 

is expressed by aid of an elliptic arc when h>a\ and by an hyperbolic arc when 
a> b, 

30. A string AB^ of given length, lies in contact with a plane convex curve 
with its end A fixed ; the string is unwound, and B is made to move about A 
till the string is again wound on the curve, the final position of B being R ; 
prove that for variations of the position of A the arc traced out by iS will be a 
maximum or a minimum, when the tangents at B and B' are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the cur- 
vature at A is greater or less than half the sum of the curvatures at B and B'. 

31. Find the value of 






32, Find the length and also the area of the pedal of a cissoid, the vertex 

being origin. 

. 8a /— TTci* 
^ns. —^ log (2 + -^Z 3) - 4a ; . 

33. Prove that the length of an arc of the lemniscate r* = a* cos 20^ is re- 
presented by the integral 

ViJ-v/i - i sin 20 



34. Integrate the equation 

cos 9 (cos - sin a sin 0) dB + cos (cos - sin a sin 0) <f0 = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (0, 0), show that the equation is satisfied by 
putting 4 = a. 

35. Each element of the surface of an ellipsoid is divided by the area of the 
parallel central section of the surface, find the sum of all the elementary quotients 
extended through the entire ellipsoid. An$. 4. 

36. Hence, show that 
'*/•* {fi^ - v^) dfA dv «r 

» 

2 



IT 



^/li^-h^ y/k^-tifl -v/A»-i^ v/a»-i/* 
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This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Surfaces, Art. 426. 
This proof is due to M. Chasles (Liouville, tome iii., p. 10). 

37. Hence prove the relation 

Fim) ^Cn) + F{n) E(m) - F(n) F(m) = - , 

2 

where 



F{m) = 



1 «■ 



n) = { , E{m) = f ^ I - m3 sin -61 d9, 

Jo y/i-m'^sinW J q^ 

and m^ + 7*2= i. 

Let v = h sin 9, and fi = -^/A* sin ^0 f k^ cos '9, in the preceding, and it be- 
comes 

re TT 

h* sin -^0 + k-^ cos'^0 - /i-ain -0 



■.V 



r /» sin -9 -h K" cos -9 — /f-sm -a 

v^A2~sin^+ A-"* cos-0 v^A^^" sin « 
J 



•i ~ ~ 






siu'0 



r » r 2 _ k-i d9d<p 

.) J y A* sin^0 -f A;2 co8*0 - ^k^ - A- 



This furnishes the required result on making h = mAr. 

The preceding formula, which is due to Legendre, gives a general relation 
between complete elliptic Unctions of the first and second species, with comple- 
mentary moduli. 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the angle y with the 
axis of z, along the second /d with tho axis of y, and along the third a with the 

i of x^ and if the angles be connected by the relations = — 7— 

a b 

- ; then, if /1 3, -4,, Au be the included portions of the ellipsoidal surface, 

c 

prove that 

, h — Tz + — . — = o. (Mr. Jellett.) 

a^ *« c* ^ 

39. Show that tho results in Arts. 158 and 159 are true for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Find an expression for the area of any plane section of an elliptic para- 
boloid ; and • low that the volume of the intercepted portion of the paraboloid is 
half that of a cylinder standing on the section and terminated by the parallel 
tangent plane. 

T 
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Here (Art. 179), the section of an ellipsoid is 

I 2h A* \ _ Trabc I 2h h* ^ 



na 



1/ 

On substituting o* ^pe, b^^ge, 7 = 1, and c = 00, this becomes for the 

c 

paraboloid, 

2^ y/P9 h. 
sincii 

Again, the volume of the circumscribing cylinder is got by multiplying this 
area by h sin ui, and, consequently, is 

27r \/pq A«. 

41. Prove that the volume of the segment cut from a paraboloid by any plane 
is }ths of that of the circumscribing cone standing on the section made by the 
plane as base. 

42. Prove that the value of 

J*cos bx sin ax , . ir w 
ax 18 o, -, or — - 
o X 42'. 

according as i is >, = , or < a. 

43. Prove that 

*6in^a? sinaa; , 
— dx 



JsoLbx s 
^ 

= — multiplied by the lesser of the numbers a and b, 

44. If ebe the eccentricity of an ellipse whose semiaxis major is unity, and 
E the length of its quadrant, prove that 

f* Eede irh ,_, .,„-,., 

. = - (Mr. W. Roberts.) 

Jo (i - e«) y/h* - c« 2v/i - A2 

45. If S represent the length of a quadrant of the curve r"* = «»» cos mO, 
and S\ the quadrant of its first pedal, prove that 

o « *w + I , 
o . Oi = -na". 

Here (Ex. 3, p. 206), wo have 

/- n-1 

o = 



2W J, 



I m+ I 
\ itn 
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Also, the first pedal (Dif. Cal. Art. 261) is derived by substituting 



m 



m-i- I 

instead of m, hence 



81^ 



m 
(w+i)fljy^ir ^ [ 2m 



m I 



"" n I + 






. oc (m^i^wa* Ximf (m + i) fl-a* 

o5i - 5 = . 

4w* „ 1 . 2m 

Ti I + — 
\ 2m I 

46. In general, if 8n be the quadrant of the n*^ pedal of the curve in the last, 
prove that 

mn +1 
2m 

Here, it is readily seen that the «** pedal is got by substituting in- 
stead of m in the equation of the proposed, .*. &c. (Mr. "W. Roberts, Liou. x., 
P- '770 



THE END. 



